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Abstra
t

Traditional logi
 programming languages, su
h as

Prolog, use a �xed left-to-right atom s
hedul-

ing rule. Re
ent logi
 programming languages,

however, usually provide more 
exible s
hedul-

ing in whi
h 
omputation generally pro
eeds left-

to-right but in whi
h some 
alls are dynami
ally

\delayed" until their arguments are suÆ
iently in-

stantiated to allow the 
all to run eÆ
iently. Su
h

dynami
 s
heduling has a signi�
ant 
ost. We give

a framework for the global analysis of logi
 pro-

gramming languages with dynami
 s
heduling and

show that program analysis based on this frame-

work supports optimizations whi
h remove mu
h

of the overhead of dynami
 s
heduling.

1 Introdu
tion

The �rst logi
 programming languages, su
h as DEC-

10 Prolog, used a �xed s
heduling rule in whi
h all

atoms in the goal were pro
essed left-to-right. Unfor-

tunately, this meant that programs written in a 
lean,

de
larative style were often very ineÆ
ient, only ter-

minated when 
ertain inputs were fully instantiated or

\ground", and (if negation was used) produ
ed wrong

results. For this reason there has been widespread

interest in a 
lass of \se
ond-generation" logi
 pro-

gramming languages, su
h as IC-Prolog, NU-Prolog,

Prolog-II, Si
stus-Prolog, Prolog-III, CHIP, Prolog M,

and SEPIA, et
., that provide more 
exible s
heduling

in whi
h 
omputation generally pro
eeds left-to-right

but in whi
h some 
alls are dynami
ally \delayed" un-

til their arguments are suÆ
iently instantiated to al-

low the 
all to run eÆ
iently. Su
h dynami
 s
hedul-

ing over
omes the problems asso
iated with traditional

Prologs and their �xed s
heduling. First, it allows the

same program to have many di�erent and eÆ
ient oper-

ational semanti
s as the operational behaviour depends

on whi
h arguments are supplied in the query. Thus,

programs really behave eÆ
iently as relations, rather

than as fun
tions. Se
ond, the treatment of negation

is sound, as negative 
alls are delayed until all argu-

ments are ground. Third, it allows intelligent sear
h

in 
ombinatorial 
onstraint problems. Finally, dynami


s
heduling allows a new style of programming in whi
h

Prolog pro
edures are viewed as pro
esses whi
h 
om-

muni
ate asyn
hronously through shared variables.

Unfortunately, dynami
 s
heduling has a signi�-


ant 
ost; goals, if a�e
ted by a delay de
laration, must

be 
he
ked to see whether they should delay or not;

upon variable binding, possibly delayed 
alls must be

woken or put in a \pending" list, so that they are woken

before the next goal is exe
uted; also, few register allo-


ation optimizations 
an be performed for delayed goals;

�nally, spa
e needs to be allo
ated for delayed goals

until they are woken [1℄. Furthermore, global data
ow

analyses used in the 
ompilation of traditional Prologs,

su
h as mode analysis, are not 
orre
t with dynami


s
heduling. This means that 
ompilers for languages

with dynami
 s
heduling are 
urrently unable to per-

form optimizations whi
h improve exe
ution speed of

traditional Prologs by an order of magnitude [19, 21,

31, 32, 33℄. However, it is not simple to extend anal-

yses for traditional Prologs to languages with dynami


s
heduling, as in existing analyses the �xed s
heduling

is 
ru
ial to ensure 
orre
tness and termination.

Here we develop a framework for global data
ow

analysis of logi
 languages with dynami
 s
heduling.

This provides the basis for optimizations whi
h remove

the overhead of dynami
 s
heduling and promises to

make the performan
e of logi
 languages with dynami


s
heduling 
ompetitive with traditional Prolog.

First, we give a denotational semanti
s for lan-

guages with dynami
 s
heduling. This provides the se-

manti
 basis for our generi
 analysis. The main di�er-



en
e with denotational de�nitions for traditional Prolog

is that sequen
es of delayed atoms must also be ab-

stra
ted and are in
luded in \
alls" and \answers". A

key feature of the semanti
s is to approximate sequen
es

of delayed atoms by multisets of atoms whi
h are anno-

tated to indi
ate if they are possibly delayed or if they

are de�nitely delayed. The use of multisets instead of

sequen
es greatly simpli�es the semanti
s with, we be-

lieve, little loss of pre
ision. This is be
ause in most

\real" programs delayed atoms whi
h wake at the same

time are independent while delayed atoms whi
h are

dependent will be woken at di�erent times.

Se
ond, we give a generi
 global data
ow analysis

algorithm whi
h is based on the denotational semanti
s.

Corre
tness is formalized in terms of abstra
t interpre-

tation [7℄. The analysis gives information about 
all

arguments and the delayed 
alls, as well as impli
it in-

formation about possible 
all s
hedulings at runtime.

The analysis is generi
 in the sense that it has a para-

metri
 domain and various parametri
 fun
tions. The

parametri
 domain is the des
riptions 
hosen to approx-

imate sets of term equations. Di�erent 
hoi
es of de-

s
riptions and asso
iated parametri
 fun
tions provide

di�erent information and give di�erent a

ura
y. The

parametri
 fun
tions also allow the analysis to be tai-

lored to parti
ular system or language dependent 
rite-

ria for delaying and waking 
alls. Implementation of the

analysis is by means of a \memoization table" in whi
h

information about the \
alls" and their \answers" en-


ountered in the derivations from a parti
ular goal are

iteratively 
omputed.

Finally, we demonstrate the utility and pra
ti
al

importan
e of the data
ow analysis algorithm. We

sket
h an example instantiation of the generi
 analysis

whi
h gives information about groundness and freeness

of variables in the delayed and a
tual 
alls. Information

from the example analysis 
an be used to optimize tar-

get 
ode in many di�erent ways. In parti
ular, it 
an

be used to redu
e the overhead of dynami
 s
heduling

by removing unne
essary tests for delaying and awak-

ening and by reordering goals so that atoms are not

delayed. It 
an also be used to perform optimizations

used in the 
ompilation of traditional Prolog su
h as:

re
ognizing determinate 
ode and so allowing unne
es-

sary ba
ktra
k points to be deleted; improving the 
ode

generated for uni�
ation; re
ognizing 
alls whi
h are

\independent" and so allow the program to be run in

parallel, et
. Preliminary test results, given here, show

that the analysis and asso
iated optimizations used to

redu
e the overhead of dynami
 s
heduling give signif-

i
ant improvements in the performan
e of these lan-

guages.

Abstra
t interpretation of standard Prolog was

suggested by Mellish [26℄ as a way to formalize mode

analysis. Sin
e then, it has been an a
tive resear
h area

and many frameworks and appli
ations have been given,

for example see [9℄. The approa
h to program analy-

sis taken here is based on the denotational approa
h

of Marriott et. al. [25℄. A 
ommon implementation

of abstra
t interpretation based analyses of Prolog is in

terms of \memoization tables" [11, 13℄ whi
h our analy-

sis generalizes. To our knowledge this is the �rst paper

to 
onsider the global data
ow analysis of logi
 pro-

gramming languages with delay. Related work in
ludes

Marriott et. al. [24℄ whi
h gives a data
ow analysis for

a logi
 programming language in whi
h negated 
alls are

delayed until their arguments are fully ground. However

the analysis does not generalize to the 
ase 
onsidered

here as 
orre
tness relies on 
alls only being woken when

all of their arguments are ground. Other related work

is the global analysis of 
on
urrent 
onstraint program-

ming languages [4, 5, 6, 14℄. These languages di�er from

the languages 
onsidered here as they do not have a de-

fault left-to-right s
heduling but instead the 
ompiler or

interpreter is free to 
hoose any s
heduling. Thus, pro-

gram analysis must be 
orre
t for all s
hedulings. In

our setting, knowledge of the default s
heduling allows

mu
h more pre
ise analysis. Related work also in
ludes

Gudeman et. al. [16℄ and Debray [12℄ whi
h investigate

lo
al analyses and optimization for the 
ompilation of

Janus, a 
on
urrent 
onstraint programming language.

The optimizations in
lude reordering and removal of

redundant suspension 
onditions. Debray [10℄ studies

global analysis for 
ompile-time �xed s
heduling rules

other than left-to-right. However this approa
h does

not work for dynami
 s
heduling, nor for analyses to

determine \freeness" information. Finally, Hanus [17℄

gives an analysis for improving the residuation me
ha-

nism in fun
tional logi
 programming languages. This

analysis handles the delay and waking of equality 
on-

straints, but does not easily extend to handle atoms as

these may spawn sub
omputations whi
h in turn have

delayed atoms.

In the next se
tion we give a simple example to il-

lustrate the usefulness of dynami
 s
heduling and the

type of information our analysis 
an provide. In Se
tion

3 we give the operational semanti
s of logi
 languages

with dynami
 s
heduling. In Se
tion 4 we review ab-

stra
t interpretation and introdu
e various des
riptions

used in the analysis. In Se
tion 5 we give the deno-

tational semanti
s. In Se
tion 6 we give the generi


analysis, and in Se
tion 7 we give modi�
ations whi
h

ensure termination. In Se
tion 8 we give an example

analysis. Se
tion 9 presents some performan
e results

and in Se
tion 10 we 
on
lude.

2 Example

The following program adapted from Naish [30℄, illus-

trates the power of allowing 
alls to delay and the infor-

mation our analysis 
an provide. The program permute



is a simple de�nition of the relationship that the �rst

argument is a permutation of the se
ond argument.

It makes use of the pro
edure delete(X;Y;Z) whi
h

holds if Z is the list obtained by removing X from the

list Y.

permute(X; Y)  X = nil;

Y = nil:

permute(X; Y)  X = U : X1;

delete(U; Y; Z);

permute(X1; Z):

delete(X; Y; Z)  Y = X : Z:

delete(X; Y; Z)  Y = U : Y1;

Z = U : Z1;

delete(X; Y1; Z1):

Note that upper
ase letters denote variables.

Clearly the relation de
laratively given by permute is

symmetri
. Unfortunately, the behavior of the program

with traditional Prolog is not: Given the query, Q1,

?� permute(X; a : b : nil)

Prolog will 
orre
tly ba
ktra
k through the answers

X = a : b : nil and X = b : a : nil. However for the

query, Q2,

?� permute(a : b : nil; X)

Prolog will �rst return the answer X = a : b : nil

and on subsequent ba
ktra
king will go into an in�nite

derivation without returning any more answers.

For languages with delay the program permute

does behave symmetri
ally. For instan
e, if the above

program is given to the NU-Prolog 
ompiler, a pre-

pro
essor will generate the following when de
lara-

tions:

?� permute(X; Y)whenXorY:

?� delete(X; Y : Z; U)whenZorU:

These may be read as saying that the 
all

permute(X;Y) should delay until X or Y is not a

variable, and that the 
all delete(X;Y : Z;U) should

delay until Z orU is not a variable. Of 
ourse program-

mers 
an also annotate their programs with when de
-

larations. Given these de
larations, both of the above

queries will behave in a symmetri
 fashion, ba
ktra
k-

ing through the possible permutations and then failing.

What happens is that with Q1 exe
ution pro
eeds

as in standard Prolog be
ause no atoms are delayed.

With Q2, however, 
alls to delete are delayed and only

woken after the re
ursive 
alls to permute.

The data
ow analysis developed in this paper, 
an

be used to analyze this program with these queries. In

the 
ase of Q1 it will determine that the overhead of

delaying is not needed as no 
all ever delays if the se
ond

argument is ground. Furthermore, it will also determine

that in all 
alls to permute the �rst argument will be

a variable and the se
ond argument will be ground, and

in all 
alls to delete the �rst and third arguments will

be variables, and the se
ond will be ground. This 
an

be used to optimize the 
ode for uni�
ation. In the 
ase

of Q2 it will determine that all 
alls to delete from the

se
ond 
lause delay. Furthermore, that in all 
alls to

permute the �rst argument will be ground and in all


alls to delete when uni�
ation is performed, the �rst

and third arguments will be ground, and the se
ond will

be a variable. The reader is en
ouraged to 
he
k that

this is indeed true! Again this information 
an be used

to optimize the 
ode for uni�
ation, parallelism or other

purposes. The bene�ts obtained from the optimizations

made possible with su
h information are illustrated by

the performan
e results presented in Se
tion 9.

We note that if a traditional mode analysis is per-

formed with the query Q2 it will ignore delaying and

in
orre
tly generate the information that the third ar-

gument of delete is free (whi
h it would be in the non-

terminating exe
ution that the analyzer would be ap-

proximating) rather than ground.

3 Operational Semanti
s

In this se
tion we give some preliminary notation and an

operational semanti
s for logi
 programs with dynami


s
heduling.

A logi
 program, or program, is a �nite set of


lauses. A 
lause is of the form H B where H, the

head, is an atom and B, the body, is a �nite sequen
e of

literals. A literal is either an atom or an equation be-

tween terms. An atom has the form p(x

1

; :::;x

n

) where

p is a predi
ate symbol and the x

i

are distin
t variables.

An equality 
onstraint is essentially a 
onjun
tion

of equations between terms. For te
hni
al 
onvenien
e

equality 
onstraints are treated modulo logi
al equiv-

alen
e, and are assumed to be 
losed under existen-

tial quanti�
ation and 
onjun
tion. Thus equality 
on-

straints are ordered by logi
al impli
ation, that is � � �

0

i� � ) �

0

. The least, in
onsistent equality 
onstraint

is denoted by false. We let 9

W

� denote the equality


onstraint 9V

1

9V

2

� � �V

n

� where variable set W =

fV

1

; : : : ;V

n

g. We let 9

W

� be 
onstraint � restri
ted

to the variables W. That is 9

W

� is 9

vars(�)nW

� where

fun
tion vars takes a synta
ti
 obje
t and returns the

set of (free) variables o

urring in it. Note that al-

though we 
on
entrate on equality 
onstraints, the anal-

ysis generalizes to handle other 
onstraints, su
h as

arithmeti
 or Boolean, in the more general 
ontext of


onstraint logi
 programs [22℄.

Var is the set of variables, Atom the set of atoms,



Eqns the set of equality 
onstraints, Lit the set of lit-

erals, and Prog the set of programs.

A renaming is a bije
tive mapping from Var to

Var. We letRen be the set of renamings, and naturally

extend renamings to mappings between atoms, 
lauses,

and 
onstraints. Synta
ti
 obje
ts s and s

0

are said to

be variants if there is a � 2 Ren su
h that � s = s

0

.

The de�nition of an atom A in program P with respe
t

to variables W, defn

P

A W, is the set of variants of


lauses in P su
h that ea
h variant has A as a head and

has variables disjoint from W n (vars A).

The operational semanti
s of a program is in terms

of its \derivations" whi
h are sequen
es of redu
tions

between \states" where a state hG; �;Di 
onsists of the


urrent literal sequen
e or \goal" G, the 
urrent equal-

ity 
onstraints �, and the 
urrent sequen
e of delayed

atoms D. Literals in the goals are pro
essed left-to-

right. If the literal is an equality 
onstraint, and it is


onsistent with the 
urrent equality 
onstraints, it is

added to these. Delayed atoms woken by the addition

are pro
essed. If the literal is an atom, it is tested to see

if it is delayed. If so it is pla
ed in the delayed atom se-

quen
e, otherwise it is repla
ed by the body of a 
lause

in its de�nition.

More formally,

State = Lit� �Eqns�Atom�:

A state hL : G; �;Di 
an be redu
ed as follows:

1. If L 2 Eqns and � ^ L is satis�able, it is

redu
ed to hD

0

:: G; � ^ L;D nD

0

i where D

0

=

(woken D � ^ L).

2. If L 2 Atom there are two 
ases. If (delay L �)

holds, it is redu
ed to hG; �;L : Di. Otherwise it

is redu
ed to hB :: G; �;Di for some (L  B) 2

(defn

P

L (vars S)).

Note that :: denotes 
on
atenation of sequen
es. A

derivation of state S for program P is a sequen
e of

states S

0

! S

1

! ::: ! S

n

where S

0

is S and there is

a redu
tion from ea
h S

i

to S

i+1

.

The above de�nition makes use of two parametri


fun
tions whi
h are dependent on the systems or lan-

guage being modeled. These are, delay A �, whi
h

holds i� a 
all to atom A delays with the equations �,

and woken D �, whi
h is the subsequen
e of atoms

in the sequen
e of delayed 
alls D that are woken by

equations �. Note that the order of the 
alls returned

by woken is system dependent.

We will assume that these fun
tions satisfy the fol-

lowing four 
onditions. The �rst ensures that there is

a 
ongruen
e between the 
onditions for delaying a 
all

and waking it:

(1) A 2 (woken D �), A 2 D ^ : (delay A �):

The remaining 
onditions ensure that delay behaves

reasonably. It should not take variable names into a
-


ount:

(2) Let � 2 Ren. delay A � , delay (� A) (� �):

It should only be 
on
erned with the e�e
t of � on the

variables in A:

(3) delay A � , delay A

�

9

(vars A)

�:

Finally, if an atom is not delayed, adding more 
on-

straints should never 
ause it to delay:

(4) If � � �

0

and delay A �, then delay A �

0

:

Although these 
onditions 
an be relaxed, they sim-

plify the analysis presentation and are met in existing

systems and languages.

The de
larative semanti
s of a program is in terms

of its \quali�ed answers". Consider a derivation from

state S and program P with last state hG; �;Di where

G = nil. It is su

essful if D = nil and it 
ounders

otherwise. We say the tuple h�;Di is a quali�ed an-

swer to S. It is understood as representing the logi
al

impli
ation

�

9

(vars S)

(D ^ �)) S:

For this reason we regard quali�ed answers h�;Di and

h�

0

;D

0

i to S as equivalent if

�

9

(vars S)

(D ^ �),

�

9

(vars S)

(D

0

^ �

0

):

In parti
ular quali�ed answers  and  

0

are regarded as

the same if there is a renaming � su
h that (�  ) =  

0

and (� S) = S. As there is a non-deterministi
 
hoi
e of

the 
lause in an atom's de�nition, there may be a num-

ber of quali�ed answers generated from the initial state.

We denote the set of quali�ed answers for a state S and

program P by qans

P

S. In the 
ase of no 
alls delay-

ing, this semanti
s is the same as the usual operational

semanti
s of Prolog with left-to-right s
heduling.

As an example, 
onsider the initial state

hpermute(X;Y);X = a : nil;nili and the program

from Se
tion 2. These have the (single) su

essful

derivation shown in Figure 1.

4 Abstra
t Interpretation

In abstra
t interpretation [7℄ an analysis is formalized

as a non-standard interpretation of the data types and

fun
tions over those types. Corre
tness of the analy-

sis with respe
t to the standard interpretation is ar-

gued by providing an \approximation relation" whi
h

holds whenever an element in a non-standard domain

des
ribes an element in the 
orresponding standard do-

main. We de�ne the approximation relation in terms

of an \abstra
tion fun
tion" whi
h maps an element in



hpermute(X;Y); �

1

; nili where �

1

is X = a : nil

+

h(X = U : X1) : delete(U;Y;Z) : permute(X1;Z); �

1

; nili

+

hdelete(U;Y;Z) : permute(X1;Z); �

2

; nili where �

2

is �

1

^ X = U : X1

+

hpermute(X1;Z); �

2

; delete(U;Y;Z)i

+

hX1 = nil : Z = nil; �

2

; delete(U;Y;Z)i

+

hZ = nil; �

3

; delete(U;Y;Z)i where �

3

is �

2

^ X1 = nil

+

hdelete(U;Y;Z); �

4

; nili where �

4

is �

3

^ Z = nil

+

hY = U : Z; �

4

; nili

+

hnil; �

5

; nili where �

5

is �

4

^ Y = U : Z:

Figure 1: Example Derivation

the standard domain to its \best" or most pre
ise de-

s
ription.

A des
ription hD; �; Ei 
onsists of a des
ription

domain D whi
h must be a 
omplete latti
e, a data

domain E , and an abstra
tion fun
tion � : E ! D.

We say that d �-approximates e, written d /

�

e, i�

(� e) � d. The approximation relation is lifted to fun
-

tions, Cartesian-produ
ts and sets as follows.

� Let hD

1

; �

1

; E

1

i and hD

2

; �

2

; E

2

i be des
riptions,

and F : D

1

! D

2

and F

0

: E

1

! E

2

be fun
tions.

Then F / F

0

i� 8d 2 D

1

: 8e 2 E

1

: d /

�

1

e )

(F d) /

�

2

(F

0

e):

� Let hD

1

; �

1

; E

1

i and hD

2

; �

2

; E

2

i be des
riptions,

and hd

1

;d

2

i : D

1

�D

2

and he

1

; e

2

i : E

1

�E

2

. Then

hd

1

;d

2

i / he

1

; e

2

i i� d

1

/

�

1

e

1

^ d

2

/

�

2

e

2

:

� Let hD; �; Ei be a des
ription and D

0

� D and E

0

�

E . Then D

0

/ E

0

i� 8e 2 E

0

: 9d 2 D

0

: d /

�

e:

When 
lear from the 
ontext we say that d approxi-

mates e and write d / e and let D denote both the

des
ription and the des
ription domain.

In the analysis we will need to des
ribe sequen
es of

delayed atoms and sequen
es of woken atoms. Be
ause

of the inherent impre
ision in analyzing programs with a

dynami
 
omputation rule, we 
annot always be de�nite

that a parti
ular atom is in the sequen
e, but may only

know that it is possibly in the sequen
e. Further, it is

diÆ
ult to keep tra
k of all possible sequen
e orderings.

Hen
e, we will des
ribe atom sequen
es by a multiset of

annotated atoms in whi
h ea
h atom is annotated with

def if it de�nitely appears in the sequen
e and pos if

it possibly appears in the sequen
e. For example, the

multiset fhp(X);posi; hq(Y);def ig des
ribes only the

sequen
es p(X) : q(Y) : nil, q(Y) : p(X) : nil and

q(Y) : nil. More formally,

Ann = fdef ;posg

AnnAtom = Atom�Ann

AnnMSet = }AnnAtom

LetD

�

2 AnnMSet. De�ne def D

�

to be the multiset

of atoms in D

�

that are annotated with def and all D

�

to be the multiset of all atoms in D

�

, that is the atoms

annotated with either pos or def . The atom sequen
e

des
ription is

hAnnMSet; �

AnnMSet

;Atom�i

where �

AnnMSet

is de�ned by

�

AnnMSet

D = fhA;defi jA in Dg

and AnnMSet is ordered by D

�

1

� D

�

2

i�

all D

�

1

� all D

2

�

^ def D

�

2

� def D

�

1

:

It follows that the annotated multiset D

�

approximates

the sequen
e D i� all atoms in D are in all D

�

and

every atom in def D

�

is in D.

We will also be interested in des
ribing equality


onstraints. The analysis given in the next se
tion is

generi
 in the 
hoi
e of des
ription. We require that the

des
ription 
hosen, hAEqns; �

AEqns

;Eqnsi say, satis-

�es

�

AEqns

� = ?

AEqns

, � = false

where ?

AEqns

is the least element in AEqns.

One example of an equality 
onstraint des
ription

is the standard equality 
onstraint des
ription,

hEqns

>

; � � : �;Eqnsi

in whi
h 
onstraints des
ribe themselves. More pre-


isely, the des
ription domain is Eqns

>

whi
h is the

set of 
onstraint equalities with a new top element >.

Eqns

>

is a 
omplete latti
e ordered by

� � �

0

, � = false or � = �

0

or �

0

= >:

The abstra
tion fun
tion is the identity fun
tion, as the

best des
ription of a 
onstraint is just itself.



5 Denotational Semanti
s

In this se
tion we give a generi
 denotational semanti
s

for programs with dynami
 s
heduling. Corre
tness of

the denotational semanti
s depends on the following re-

sults about the operational semanti
s. The �rst propo-

sition means that we 
an �nd the quali�ed answers of

a state in terms of its 
onstituent atoms, the se
ond

means that we 
an 
onsider states modulo variable re-

naming, the third that we 
an restri
t the equality 
on-

straint to the variables in the delayed atoms and the

goal.

Proposition 5.1 Let P 2 Prog, A 2 Atom and

hA : G; �;Di 2 State. Then qans

P

hA : G; �;Di is

[

fqans

P

hG; �

0

;D

0

i j h�

0

;D

0

i 2 qans

P

hA; �;Dig:

Proposition 5.2 Let P 2 Prog, � 2 Ren, and S 2

State.

Q 2 qans

P

S, (� Q) 2 qans

P

(� S):

Proposition 5.3 Let P 2 Prog and hG; �;Di 2

State.

qans

P

hG; �;Di =

[

fh�

0

^ �;D

0

ijh�

0

;D

0

i 2 qans

P

Sg:

where S is hG;

�

9

(vars G)[(vars D)

�;Di.

Taken together these propositions mean that we


an �nd the quali�ed answers to a state as long as we

know the quali�ed answers to the \
anoni
al" 
alls en-


ountered when pro
essing the state where a 
anoni
al


all is a 
all that represents all of its variants and in

whi
h the 
onstraint is restri
ted to the variables of the


all atom and the delayed atoms. This is the basi
 idea

behind the denotational semanti
s as the denotation of

a program is simply a mapping from 
alls to answers.

The last proposition means that the meaning of

a goal is independent of the order that the atoms are

s
heduled. Thus we 
an ignore the sequen
ing infor-

mation asso
iated with delayed atoms and treat them

as multisets. It is variant of Theorem 4 in Yeli
k and

Za
hary [34℄.

Proposition 5.4 Let P be a program and hG; �;Di be

a state. If G

0

is a rearrangement of G then,

qans

P

hG; �;Di = qans

P

hG

0

; �;Di:

In the denotational semanti
s atoms, bodies,


lauses and programs are formalized as \environment"

transformers where an environment 
onsists of the 
ur-

rent equality 
onstraint des
ription and an annotated

multiset of delayed atoms. In a sense an environment is

the 
urrent \answer". Thus an environment has type

Env = AEqns�AnnMSet

and the denotation of a program has type

Den = Atom! Env ! }Env

as it maps a 
all to its set of answers.

The 
omplete denotational de�nition is shown in

Figure 2. The semanti
s is generi
 as it is paramet-

ri
 in AEqns the equality 
onstraint des
riptions and

various parametri
 fun
tions. The semanti
 fun
tions

asso
iated with programs P, 
lause bodies B, and liter-

als L, need little explanation. The only point to note is

that the variable setW is passed around so as to ensure

that there are no variable (re)naming 
on
i
ts.

The fun
tion A gives the meaning of an atom

for the 
urrent denotation. Consider the 
all

A [[A℄℄W d h�;D

�

i. There are three 
ases to 
onsider:

the �rst is when A is delayed for all equality 
onstraints

approximated by �, the se
ond is when A is not delayed

for any equality 
onstraints approximated by �, and the

third is when A is delayed for some equality 
onstraints

approximated by �, but not all. A is de�ned in terms

of the parametri
 fun
tions Awake and Adelay. The


all Awake A � returns a des
ription of those equal-

ity 
onstraints whi
h are des
ribed by � and for whi
h

A will not delay. Conversely, Adelay A �, returns a

des
ription of those equality 
onstraints whi
h are de-

s
ribed by � and for whi
h A will delay. More exa
tly,

Awake and Adelay should satisfy:

f(Awake A �)g / f� j � / � ^ : (delay A �)g

f(Adelay A �)g / f� j � / � ^ (delay A �)g:

Note that Awake A � = ?

AEqns

implies

� / � ) (delay A �);

and Adelay A � = ?

AEqns

implies

� / � ) : (delay A �):

The auxiliary fun
tion lookup is used to �nd the

denotation of an atom whi
h possibly does not delay.

The 
all, lookup A W d h�;D

�

i, returns the deno-

tation a

ording to d of A with environment h�;D

�

i.

However there are 
ompli
ations be
ause d only handles

\
anoni
al 
alls". Hen
e lookup must (1) restri
t � to

the variables in the 
all; (2) rename the variables intro-

du
ed in the delayed atoms in the answers so that they

do not interfere with the variables in W; and (3), 
om-

bine the equality 
onstraint des
ription with that of the

original 
all so as to undo the result of the restri
tion.

Lookup is de�ned in terms of the parametri
 fun
tions

A
omb and Arestri
t. A
omb 
ombines two equal-

ity 
onstraint des
riptions and should approximate the

fun
tion add, de�ned by

add � �

0

= � ^ �

0

:



The denotational semanti
s has semanti
 fun
tions:

P : Prog ! Den

Q : Prog ! Den! Den

B : Lit� ! (}Var)! Den! Env! (}Env)

L : Lit! (}Var)! Den! Env! (}Env)

A : Atom! (}Var)! Den! Env! (}Env)

E : Eqns! (}Var)! Den! Env! (}Env):

It has auxiliary fun
tions:

lookup : Atom! (}Var)! Den! Env! (}Env)

wmset : AnnMSet! (}Var)! Den! Env! (}Env)

watom : AnnAtom! (}Var)! Den! Env! (}Env)

and parametri
 fun
tions:

Awake : Atom! AEqns! AEqns

Adelay : Atom! AEqns! AEqns

A
omb : AEqns! AEqns! AEqns

Arestri
t : }Vars! AEqns! AEqns

Aadd : Eqns! AEqns! AEqns

Awoken : AnnMSet! Eqns! AEqns! AnnMSet

Adelayed : AnnMSet! Eqns! AEqns! AnnMSet:

The semanti
 and auxiliary fun
tions are de�ned by:

P [[P℄℄ A e = A [[A℄℄ (vars e) (lfp (Q [[P℄℄)) e

Q [[P℄℄ d A e = let V = vars e in

[

f(B [[B℄℄ V [ (vars A B) d e) j (A B) 2 defn

P

A Vg

B [[nil℄℄W d e = feg

B [[L : B℄℄W d e =

[

f(B [[B℄℄W d e

0

) j e

0

2 (L [[L℄℄ W d e)g

L [[L℄℄ = if L 2 Atom then (A [[L℄℄) else (E [[L℄℄)

A [[A℄℄W d h�;D

�

i = if (Awake A �) = ?

AEqns

then fh�; hA;defi [D

�

ig

else if (Adelay A; �) = ?

AEqns

then (lookup AW d h�;D

�

i)

else fhAdelay(A; �); hA;posi [D

�

ig[

(lookup AW d h(Awake A �);D

�

i)

E [[�℄℄W d h�;D

�

i = let �

0

= Aadd � � in

if �

0

= ?

AEqns

then ;

else (wmset (Awoken D

�

� �)W d h�

0

; (Adelayed D

�

� �)i)

lookup AW d h�;D

�

i = let V = (vars A) [ (vars D

�

) in

let E = d A h(Arestri
t V �);D

�

i in

fh(A
omb � �

0

);D

�

0

i j h�

0

;D

�

0

i 2 (rename E V W)g

wmset ;W d e = feg

wmset (A

�

[D

�

)W d e =

[

f(wmset D

�

W d e

0

) j e

0

2 (watom A

�

W d e)g

watom hA;defiW d h�;D

�

i = lookup AW d h�;D

�

i

watom hA;posiW d h�;D

�

i = fh�;D

�

ig [ (lookup AW d h(Awake A �);D

�

i)

Figure 2: Denotational Semanti
s



Arestri
t restri
ts an equality 
onstraint des
ription

to a set of variables and should approximate the fun
-

tion restri
t de�ned by

restri
t W � =

�

9

W

�:

The de�nition also makes use of the fun
tion 
all

rename E V W whi
h returns a variant of the en-

vironments E whi
h is disjoint from the variables W

but whi
h leaves the variables in V un
hanged. More

exa
tly it returns � E where � is a renaming su
h that

for all v 2 V, � v = v and vars (� E) \ (W nV) = ;.

Equations are handled by the semanti
 fun
tion

E. The fun
tion 
all, E [[�℄℄ W d h�;D

�

i, �rst adds

the equality 
onstraint � to � and tests for satis�abil-

ity. If this su

eeds, it then wakes up the atoms in

D

�

, and pro
esses these. The de�nition is paramet-

ri
 in the fun
tions Aadd, Awoken and Adelayed.

The fun
tion Aadd adds an equality 
onstraint to an

equality 
onstraint des
ription and must approximate

the fun
tion add de�ned previously. Awoken returns

the multiset of atoms that will be possibly and de�nitely

woken by adding an equality 
onstraint to an equality


onstraint des
ription and Adelayed returns the mul-

tiset of atoms that will possibly and de�nitely remain

delayed. Awoken must approximate di�woken and

Adelayedmust approximate di�delay where these are

de�ned by

di�woken D � �

0

= woken (D n (woken D �

0

)) �

di�delay D � �

0

= D n (woken D (� ^ �

0

)):

Note that Adelayed may 
hange the annotation of

a delayed atom from def to pos and that Awoken

returns a multiset of woken atoms whi
h are also anno-

tated.

The woken atoms are handled by the auxiliary

fun
tions wmset and watom almost exa
tly as if they

were a 
lause body, the only di�eren
e is to handle the

pos annotated atoms.

The standard denotational semanti
s, P

std

, is ob-

tained by from the denotational semanti
s by instantiat-

ing AEqns to the standard equality 
onstraint des
rip-

tions and instantiating the parametri
 fun
tions to the

fun
tion they are required to approximate, for instan
e

Aadd andA
omb are both instantiated to add. Using

the four propositions given at the start of this se
tion,

it is possible to show that the denotational semanti
s is


orre
t:

Theorem 5.5 Let D 2 Atom�, � 2 Eqns, A 2

Atom, and P 2 Prog. Then

P

std

[[P℄℄ A h�;D

�

i = qans

P

hA : nil; �;Di

where D

�

= �

AnnMSet

D.

Using results from abstra
t interpretation theory it

follows that analyses based on the semanti
s are 
orre
t:

Theorem 5.6 Let e 2 Env, A 2 Atom, P 2 Prog.

If e / h�;Di,

(P [[P℄℄ A e) / qans

P

hA : nil; �;Di:

A
tually the denotational semanti
s does not ex-

a
tly give the information a 
ompiler requires for the

generation of eÆ
ient 
ode. This is be
ause we are pri-

marily interested in removing unne
essary tests for de-

laying and improving the 
ode for uni�
ation. There-

fore, we must obtain information about the 
all pat-

terns. That is, for ea
h atom A appearing in the pro-

gram we want to know whether the 
alls to the atom

initially delay, and when ea
h 
all to A is eventually

redu
ed, perhaps after being delayed, the value of the


urrent equation restri
ted to the variables in A. It is

straightforward to modify the denotational semanti
s

to 
olle
t this information for atoms whi
h are not de-

layed. For the 
ase of atoms whi
h are delayed it is

more diÆ
ult as although treating the delayed atoms

as a multiset does not a�e
t the quali�ed answers, if

more than one atom is woken it may a�e
t the 
alls

made in the evaluation. Be
ause of spa
e limitations

we will ignore this extra 
ompli
ation but note that it

has been done in the analyzer used to obtain the results

presented in Se
tion 9.

6 Implementation

The denotational equations given in the previous se
-

tion 
an be 
onsidered as a de�nition of a 
lass of pro-

gram analyses. Read naively, the equations spe
ify a

highly redundant way of 
omputing 
ertain mathemat-

i
al obje
ts. On the other hand, the denotational def-

initions 
an be given a \
all-by-need" reading whi
h

guarantees that the same partial result is not repeat-

edly re
omputed and only 
omputed if it is needed for

the �nal result. With su
h a 
all-by-need reading the

de�nition of P is, modulo synta
ti
 rewriting, a working

implementation of a generi
 data
ow analyzer written

in a fun
tional programming language.

In programming languages whi
h do not support

a 
all-by-need semanti
s, implementation is somewhat

harder. To avoid redundant 
omputations, the result of

invoking atomA in the 
ontext of environment e should

be re
orded. Su
h memoing 
an be implemented using

fun
tion graphs. The fun
tion graph for a fun
tion f

is the set of pairs f(e 7! f(e)) j e 2 dom fg where

dom f denotes the domain for f . Computation of a

fun
tion graph is done in a demand-driven fashion so

that we only 
ompute as mu
h of it as is ne
essary in

order to answer a given query. This 
orresponds to the

\minimal fun
tion graph" semanti
s used by Jones and

My
roft [23℄. However, matters are 
ompli
ated by the

fa
t that we are performing a �xpoint 
omputation and

we must iteratively 
ompute the result by means of the

fun
tion's Kleene sequen
e.



This idea leads to a generi
 algorithm for the

memoization based analysis of programs with dynami


s
heduling. The algorithm extends memoization based

analysis for traditional Prolog. The analysis starts from

a \
all" and in
rementally builds a memoization ta-

ble. This 
ontains tuples of \
alls" and their \answers"

whi
h are en
ountered in derivations from the initial


all. Calls are tuples of the form hA; �;D

�

i where A is

an atom, D

�

is a multiset of annotated atoms des
rib-

ing the sequen
e of delayed atoms and � is an equality


onstraint des
ription restri
ted to the variables in A

and D

�

. An answer to a 
all hA; �;D

�

i is of the form

h�

0

;D

�

0

i where D

�

0

is a multiset of annotated atoms

des
ribing the sequen
e of delayed atoms and �

0

is an

equality 
onstraint des
ription restri
ted to the vari-

ables in A and D

�

0

. Our a
tual implementation has

two improvements whi
h redu
e the size of the memo-

ization table.

The �rst improvement, is when adding an an-

swer to the answers of 
all, to remove \redundant"

answers and merge similar answers together. Answers

h�

1

;D

�

1

i and h�

2

;D

�

2

i are merged into the single answer

h�

1

t �

2

;D

�

1

i whenever D

�

2

� D

�

1

.

The se
ond improvement is to only 
onsider 
alls

modulo variable renaming. Entries in the memoization

table are \
anoni
al" and really represent equivalen
e


lasses of 
alls and answers.

Another possible improvement whi
h has not been

implemented yet is based on the observation that de-

layed atoms whi
h are \independent" of the 
alling

atom 
an never be woken when the 
all is exe
uted.

Su
h atoms need not be 
onsidered in the 
all as they

will o

ur in ea
h answer. The exa
t de�nition of inde-

penden
e is somewhat diÆ
ult as it really means inde-

penden
e from any delayed atom whi
h 
ould be woken

in the 
all.

7 Termination

Corre
tness of the denotational semanti
s, Theorem 5.6,

is not quite enough as it only guarantees partial 
orre
t-

ness of an analysis, and, of 
ourse, we would also like

the analysis to terminate. Given that all 
alls to the

parametri
 fun
tions terminate, the analysis will termi-

nate i� there are a �nite number of 
alls in the mem-

oization table and ea
h 
all has a �nite number of an-

swers. This is true if the following two requirements are

met. The �rst is that for ea
h �nite set of variables W

there are only a �nite number of des
riptions whi
h de-

s
ribe some equality 
onstraints

�

9

W

�. This is the usual

requirement for the termination of memoization based

analysis of standard Prolog. The se
ond requirement is

that there is a bound on the size of the annotated multi-

sets in both the 
alls and the answers. In this se
tion we

sket
h two modi�
ations to the analysis whi
h ensure

that only multisets of a bounded size need be 
onsid-

ered, albeit at some loss of a

ura
y. In some sense,

this is a form of widening [8℄, however 
orre
tness does

not depend on the semanti
s of the des
ription domain

but rather on properties of the program semanti
s.

The �rst modi�
ation allows us to only 
onsider


alls with annotated multisets of a bounded size. Cor-

re
tness depends on the following property of the oper-

ational semanti
s:

Proposition 7.1 Let P 2 Prog and hG; �;Di 2

State. If D = D

0

[D

00

,

qans

P

hG; �;Di = qans

P

hG :: D

0

; �;D

00

i:

This means in the analysis that lookup 
an be modi�ed

to (1) remove annotated atoms D

�

from the multiset of

delayed atoms, if it is to large, (2) pro
eed as before,

and then (3) pro
ess D

�

using a variant of B whi
h

handles annotated atoms.

The se
ond modi�
ation allows us to only 
onsider

answers with annotated multisets of a bounded size.

Now a delayed atom A 
an, if it is woken, only add


onstraints a�e
ting variables in A and variables whi
h

are lo
al to its sub
omputation. Thus in the analysis,

when we en
ounter an answer h�;D

�

i in whi
h the mul-

tiset D

�

is too large, we 
an repla
e it by the answer

h�

0

; fh>;posigi where f�

0

g approximates

f� ^

�

9

(vars D

�

)

�

0

j � / � ^ �

0

2 Eqnsg

and h>;posi is a spe
ial annotated \atom" whi
h sig-

ni�es that there are possibly delayed atoms of indeter-

minate name. Note that h>;posi 
an never be woken.

With these two modi�
ations the analysis will ter-

minate whenever the usual termination requirements for

memoization based analysis of standard Prolog are met.

We 
an also use the idea behind the se
ond modi-

�
ation to analyse modules. The problem is that when

analyzing a module in isolation from the 
ontext in

whi
h it will be used we have no idea of the delayed

atoms asso
iated with 
alls to the module. However,

the delayed atoms 
an only a�e
t variables in the ini-

tial 
all. Thus by taking the downward 
losure of the

initial 
all, we are assured to obtain 
orre
t informa-

tion about the 
alling patterns regardless of the atoms

delayed in the a
tual 
all.

Another approa
h to ensure termination would be

to approximate the delayed multiset of atoms by a \star

abstra
tion" [4℄ in whi
h variants of the same atom are


ollapsed on to a single \
anoni
al" atom.

8 Example Analysis

We now present an example of the analysis algorithm's

use. In our example analysis we use \simple modes"

to des
ribe the equality 
onstraints. We will use this



Table after 1st Iteration:

hpermute(X;Y); hfYg; fXg; ;i; ;i 7! ;

Table after 2nd Iteration:

hpermute(X;Y); hfYg; fXg; ;i; ;i 7! fhhfX;Yg; ;; ;i; ;ig

hdelete(U;Y;Z); hfYg; fU;Zg; ;i; ;i 7! ;

Table after 3rd and Final Iteration:

hpermute(X;Y); hfYg; fXg; ;i; ;i 7! fhhfX;Yg; ;; ;i; ;ig

hdelete(U;Y;Z); hfYg; fU;Zg; ;i; ;i 7! fhhfU;Y;Zg; ;; ;i; ;ig

Analysis of hpermute(X;Y); hfYg; fXg; ;i;nili:

Table after 1st Iteration:

hpermute(X;Y); hfXg; fYg; ;i; ;i 7! ;

Table after 2nd Iteration:

hpermute(X;Y); hfXg; fYg; ;i; ;i 7! fhhfX;Yg; ;; ;i; ;ig

hdelete(U;Y;Z); hfU;Zg; fYg; ;i; ;i 7! ;

Table after 3rd and Final Iteration:

hpermute(X;Y); hfXg; fYg; ;i; ;i 7! fhhfX;Yg; ;; ;i; ;ig

hdelete(U;Y;Z); hfU;Zg; fYg; ;i; ;i 7! fhhfU;Y;Zg; ;; ;i; ;ig

Analysis of hpermute(X;Y); hfXg; fYg; ;i;nili:

Figure 3: Example Analyses

mode des
riptions to analyze the state 
orresponding to

queryQ1 from Se
tion 2. The domain used is similar to

that of [28℄ and has been used for analyzing traditional

Prolog. A mode des
ription for equality 
onstraint �

has the form

hV

gnd

;V

free

;W

dep

i

where V

gnd

is the set of variables that � de�nitely

grounds, V

free

is the set of variables that � leaves de�-

nitely \free", that is not instantiated to a non-variable

term, and W

dep

the set of sets of variables whi
h �

makes possibly dependent. For example, the equality


onstraint

X = a ^ Y = Z ^W = f(V)

is (most pre
isely) des
ribed by

hfXg; fY;Zg; ffY;Zg; fW;Vggi:

A more 
omplete des
ription of this des
ription domain

and abstra
t operations over it 
an be found in [28℄.

Of 
ourse for a

ura
y more 
omplex domains 
ould be

used in the analysis.

The �rst state des
ription to be analyzed is

hpermute(X;Y); hfYg; fXg; ;i;nili:

Figure 3 shows the memoization table at ea
h iteration

in the analysis for this state des
ription. The result

of the analysis is fhhfX;Yg; ;; ;i; ;ig. That is, if 
alls

to permute have their se
ond argument ground and

�rst argument free, the answers will ground the �rst

argument. As no 
alls were delayed in this example,

the analysis was virtually the same as given by a tradi-

tional left-to-right mode analysis of the program. If the

analysis is extended to give information about 
all pat-

terns it shows, as promised in Se
tion 2, that for 
alls to

permute in whi
h the se
ond argument is ground, and

the �rst free, no atom ever delays. Further, it shows

that in all 
alls to permute the �rst argument will be

free and the se
ond argument will be ground, and in

all 
alls to delete the �rst and third arguments will be

free, and the se
ond will be ground.

Now 
onsider the state des
ription

hpermute(X;Y); hfXg; fYg; ;i;nili:

Figure 3 shows the memoization table at ea
h iteration

in the analysis for this state des
ription. The result

of the analysis is fhhfX;Yg; ;; ;i; ;ig. That is, if 
alls

to permute have their �rst argument ground and se
-

ond argument free, the answers will ground the se
ond

argument. Termination is a
hieved by restri
ting 
alls



in the memoization table so that they have an empty

annotated multiset. Thus when the 
all

hpermute(X1;Z); hfX1;Ug; fY;Zg; ;i;

fhdelete(U;Y;Z);defigi

is en
ountered when pro
essing the se
ond 
lause of

permute, �rst the 
all

hpermute(X1;Z); hfX1g; fZg; ;i; ;i;

is looked up in the table and then, as this grounds Z,

the 
all

hdelete(U;Y;Z); hfU;Zg; fYg; ;i; ;i;

is looked up. If the analysis is extended to give infor-

mation about 
all patterns it gives the results promised

in Se
tion 2.

9 Performan
e Results

We 
on
lude with an empiri
al evaluation of the a

u-

ra
y and usefulness of an implementation in Prolog of

the analyzer presented. Our �rst results show that in-

formation from the analysis 
an be used to eliminate

redundant delay de
larations, leading to a large perfor-

man
e improvement. The last test illustrates how the

analysis 
an be used to guide optimizations whi
h are

performed for traditional Prolog. In this 
ase we show

how impli
it independent and-parallelism as dete
ted

by the analyzer 
an be used to parallelize the ben
h-

mark.

The ben
hmarks used for the evaluation were:

permute, the permute program presented in Se
tion 2;

qsort, the 
lassi
al qui
k sort program using append;

app3 whi
h 
on
atenates three lists by performing two


onse
utive 
alls to append; nrevwhi
h naively reverses

a list; and neg, an implementation of safe negation us-

ing suspension on the groundness of the negated goal

(a simple test of membership in a list). All ben
hmarks

have been implemented in a reversible way, so that they


an be used forwards and ba
kwards, through the use

of suspension de
larations.

In the �rst test, the optimizations to eliminate un-

ne
essary delaying were performed in two steps. The

�rst step was to eliminate and/or relax suspension de
-

larations as indi
ated by the analysis. The se
ond step

was to reorder the 
lause bodies provided the analysis

indi
ated that it redu
ed suspension. It is important to

note that although the obtained orderings are already

impli
it in the results of the (�rst) analysis, in order

to eliminate suspension 
onditions that are redundant

after the reordering, a se
ond pass of the analysis is

sometimes needed. The tests where performed with Si
-

stus Prolog 2.1, whi
h is an eÆ
ient implementation of

Prolog with a ri
h set of suspension primitives.

Due to la
k of spa
e we 
annot in
lude the 
ode

for the ben
hmarks and their resulting spe
ialized ver-

sions. However, in order to give an idea of the a

ura
y

of the analyzer and to help in understanding the eÆ-


ien
y results, we point out that in all 
ases but for

permute the information provided by the analyzer was

optimal. In the 
ase of permute one 
ondition 
an be

relaxed beyond those inferred by the analyzer. In par-

ti
ular, for all the examples in their \forward" exe
u-

tion mode the analyzer a

urately infers that no goal

suspends and therefore all suspension de
larations 
an

be eliminated. With respe
t to the ba
kwards exe
u-

tion, in all 
ases but neg the suspension 
onditions are

either relaxed or eliminated. This does not o

ur for

neg sin
e the analyzer a

urately infers that the exist-

ing groundness suspension 
ondition is still needed for


orre
tness. Finally, with respe
t to the optimizations

where reordering is allowed, all ba
kward exe
utions are

reordered in su
h a way that no suspension 
onditions

are needed. Thus, we 
an 
on
lude that the a

ura
y

results for the analyzer are en
ouraging.

Table 1 lists exe
ution times, expressed in se
onds,

for the original ben
hmarks and the optimized versions.

Ea
h 
olumn has the following meaning: Name { pro-

gram name, Query { number of elements in the list

given as query, P { exe
ution time for the program

written in standard Prolog, i.e. with no suspension de
-

larations, S { exe
ution time for the program written

with suspension de
larations, SO { exe
ution time for

program written with suspension de
larations and opti-

mized by removing suspension de
larations as di
tated

by the analysis information, S/SO { ratio between the

last two 
olumns, R { exe
ution time for the program

optimized by reordering the 
lause bodies as di
tated

by the analysis information, and R/S { ratio between

R and S 
olumns. In the P 
olumn In stands for non-

termination, and Er stands for a wrong result or an

exe
ution error (the fa
t that these 
ases appear shows

the superiority of the version of the program with sus-

pension de
larations). Two sets of data (
orresponding

to two lines in the table) are given for ea
h program,

the �rst one 
orresponding to \forwards" exe
ution of

the program, the se
ond to the \ba
kwards" exe
ution.

Note that in some 
ases the number of elements

given as queries for forward exe
ution are di�erent from

those used for the ba
kward exe
ution of the same pro-

gram. The reason is the amount of time required by

ea
h query due to the di�erent behaviour when run-

ning forwards (one solution) and ba
kwards (multiple

solutions).

The results are rather appealing as they show that

the optimizations based on relaxing and eliminating sus-

pension de
larations using the information provided by

the analyzer allows use of the more general version of

the program written with suspension de
larations with-



Name Query P S SO S/SO R S/R

permute 8 In 27.2 24.0 1.1 0.7 38.9

8 2.0 20.6 2.0 10.3 2.0 10.3

app3 20000 0.2 4.7 0.2 23.5 0.2 1.5

1000 In 12.2 1.6 7.6 1.4 8.7

qsort 2000 0.8 74.3 0.8 92.9 0.8 92.9

7 Er 20.8 4.7 4.4 0.7 29.7

nrev 300 0.2 21.4 0.2 107.0 0.2 107.0

300 In 28.4 3.1 9.2 0.5 56.8

neg 400000 2.4 3.5 2.4 1.5 2.4 1.5

400000 Er 3.5 3.5 1.0 2.4 1.5

Table 1: Analysis and optimization with delay

\Reversible" qui
k-sort, 5000 elements Time

Standard Prolog 1.23

Suspension de
larations, after analysis and reordering 1.23

Above program, parallelized, 1 pro
essor 1.30

Above program, parallelized, 2 pro
essors 0.81

Above program, parallelized, 4 pro
essors 0.53

Above program, parallelized, 6 pro
essors 0.46

Table 2: Analysis and optimization of qui
k-sort

out a performan
e penalty when exe
uting the program

in the mode that runs in Prolog. Furthermore, the anal-

ysis and resultant optimization also improves exe
ution

speed even if some suspensions still need to be used

during exe
ution. The optimizations based on reorder-

ing give even more impressive results. This is mainly

explained by the fa
t mentioned above that for all pro-

grams the reordering has a
hieved the elimination of all

suspension de
larations.

Finally, in the last test, we show how information

from the analysis 
an be used to perform optimizations

used in the 
ompilation of traditional Prolog. As an ex-

ample we 
onsider automati
 parallelization based on

the independent and parallelism model. The only pro-

gram in whi
h this kind of parallelism exists for the

given queries is qsort. In this 
ase the parallelism 
an

be automati
ally exploited using existing tools given

the information obtained from the analysis. This is be-


ause the analysis determines that there is no goal sus-

pension in the reordered program and so the tools and

te
hniques des
ribed in [20, 27℄ are appli
able. These

te
hniques 
an also be extended to deal with 
ases in

whi
h goals are delayed by extending the notion of de-

penden
e, but that is beyond the s
ope of this paper.

A signi�
ant redu
tion in 
omputation time is obtained

from parallelism at least for the forward query. This is

illustrated in Table 2, whi
h shows results from running

the forward query with the optimized program under &-

Prolog [19℄, a parallel version of Si
stus Prolog, running

on a 
ommer
ial multipro
essor. Times are in se
onds.

10 Con
lusion

We have given a framework for global data
ow anal-

ysis of logi
 languages with dynami
 s
heduling. The

framework extends memoization based analyses for tra-

ditional logi
 programming languages with a �xed left-

to-right s
heduling. Information from analyses based

on the framework 
an be used to perform optimizations

whi
h remove the overhead of dynami
 s
heduling and

also to perform optimizations used in the 
ompilation

of traditional Prolog.

A potential appli
ation of the framework is for

the analysis of 
onstraint logi
 programming languages

whi
h handle diÆ
ult 
onstraints by delaying them un-

til they be
ome simpler. Information from an analysis

based on our framework 
ould be used to avoid testing


onstraints for diÆ
ulty at run-time, or to move diÆ
ult


onstraints to points in the program in whi
h they are

simpler, thus avoiding suspensions. An analysis spe
if-

i
ally for this purpose has also re
ently been suggested

by Hanus [18℄.
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