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Abstra
t

The �rst logi
 programming languages, su
h as Prolog, used a �xed left-to-right atom s
heduling

rule. Re
ent logi
 programming languages, however, usually provide more 
exible s
heduling in whi
h


omputation generally pro
eeds left-to-right but in whi
h some 
alls are dynami
ally \delayed" until their

arguments are suÆ
iently instantiated to allow the 
all to run eÆ
iently. Su
h languages in
lude 
onstraint

logi
 programming languages in whi
h 
onstraints whi
h are \too hard" are delayed and 
on
urrent


onstraint languages in whi
h delay on shared variables is used to provide asyn
hronous 
ommuni
ation

between pro
esses. We give a new framework for the global analysis of logi
 programming languages with

dynami
 s
heduling whi
h is based on approximating the delayed atoms by a 
losure operator. We give

an example analysis for groundness based on this framework, and give the results of an implementation

whi
h demonstrates the method is pra
ti
al.

1 Introdu
tion

The �rst logi
 programming languages, su
h as DEC-10 Prolog, used a �xed s
heduling rule in whi
h all

atoms in the goal were pro
essed left-to-right. Unfortunately, this meant that programs written in a 
lean,

de
larative style were often very ineÆ
ient, only terminated when 
ertain inputs were fully instantiated or

\ground", and (if negation was used) produ
ed wrong results. For this reason, most \se
ond-generation" logi


programming languages, provide more 
exible s
heduling in whi
h 
omputation generally pro
eeds left-to-

right but in whi
h some 
alls are dynami
ally \delayed" until their arguments are suÆ
iently instantiated to

allow the 
all to run eÆ
iently. Most 
onstraint logi
 programming languages also employ dynami
 s
heduling.

If a 
onstraint is \too hard" for the solver, it is delayed until it be
omes simpler. For example, in CLP(R)

non-linear arithmeti
 
onstraints are delayed until they be
ome linear.

Unfortunately, dynami
 s
heduling has a signi�
ant 
ost; literals, if a�e
ted by a delay de
laration,

must be 
he
ked to see whether they should delay or not; upon variable binding, possibly delayed 
alls

must be awoken or put in a \pending" list, so that they are awoken before the next literal is exe
uted;

also, few register allo
ation optimizations 
an be performed for delayed literals; �nally, spa
e needs to be

allo
ated for delayed literals until they are awoken [3℄. Furthermore, global data
ow analyses used in the


ompilation of traditional Prologs, su
h as mode analysis, are not 
orre
t with dynami
 s
heduling. This

means that 
ompilers for languages with dynami
 s
heduling are 
urrently unable to perform optimizations

whi
h signi�
antly improve exe
ution speed of traditional Prologs [14, 20, 21℄. Preliminary tests in [17℄ suggest

that global data
ow analysis information for logi
 languages with dynami
 s
heduling allows optimizations

whi
h improve performan
e by an order of magnitude.

However, it is not simple to extend analyses for traditional Prolog and 
onstraint logi
 programming lan-

guages to languages with dynami
 s
heduling, as in existing analyses the �xed s
heduling is 
ru
ial to ensure
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orre
tness and termination. Here we develop a framework for the global data
ow analysis of (
onstraint)

logi
 languages with dynami
 s
heduling. To our knowledge this is the �rst pra
ti
al framework for the anal-

ysis of this important 
lass of languages. It provides the basis for optimizations whi
h remove the overhead

of dynami
 s
heduling and promises to make the performan
e of logi
 languages with dynami
 s
heduling


ompetitive with traditional Prolog.

Our main results are threefold. First, we give an approximate denotational semanti
s for languages

with dynami
 s
heduling. This provides the semanti
 basis for our generi
 analysis. The key feature of

this semanti
s is that delayed atom sequen
es are approximated by a 
losure operator whi
h details the

e�e
t of the delayed atoms if the 
urrent 
onstraint store is modi�ed. Se
ond, we give a generi
 global

data
ow analysis algorithm whi
h is based on the denotational semanti
s. Corre
tness is formalized in terms

of abstra
t interpretation [7℄. The analysis gives information about 
all arguments and the delayed 
alls,

as well as impli
it information about possible 
all s
hedulings at runtime. The analysis is generi
 in the

sense that it has a parametri
 domain and various parametri
 fun
tions. The parametri
 domain is the

des
riptions 
hosen to approximate 
onstraints. Di�erent 
hoi
es of des
riptions and asso
iated parametri


fun
tions provide di�erent information and give di�erent a

ura
y. The parametri
 fun
tions also allow the

analysis to be tailored to parti
ular system or language dependent 
riteria for delaying and waking 
alls.

Implementation of the analysis is by means of a \memoization table" in whi
h information about the \
alls"

and their \answers" en
ountered in the derivations from a parti
ular goal are iteratively 
omputed. A

feature of the analysis whi
h is 
ru
ial for its eÆ
ien
y is that the 
losures (representing delayed atoms) are

evaluated lazily. In e�e
t a 
losure is represented as a partial fun
tion. When 
omputing a �xpoint 
losures

are treated as equal as long as they have the same values on the (partial) domain of interest. Third, we give

empiri
al results whi
h show that the overhead of the method for programs without delay is minimal and the

performan
e on programs with delay is reasonable and 
onsiderably better than the only other 
omparable

approa
h [17℄.

Our work extends that of Marriott et. al. [17℄ whi
h gives the �rst generi
 data
ow analysis for logi


programming languages with delay. In their analysis, sequen
es of delayed atoms are approximated by

multisets of atoms. The problem with this approa
h is that the multisets of delayed atoms have unbounded

size, and so to guarantee termination ad ho
 widening steps were required. Thus the method is unable to

handle 
hained dependen
ies with any a

ura
y sin
e the widening steps required lose too mu
h a

ura
y.

The method is also for
ed to 
onsider abstra
tions on very large sets of variables, this tends to make the

analysis very slow for even small programs when large number of atoms are delayed. This meant that the

analysis was impre
ise and rather ineÆ
ient in pra
ti
e. The 
urrent work removes these problems. The

empiri
al results demonstrate that our framework is an order of magnitude faster and more a

urate.

Other related work is the global analysis of 
on
urrent 
onstraint programming languages [4, 5, 6, 10℄.

These languages di�er from the languages 
onsidered here as they do not have a default left-to-right s
heduling

but instead the 
ompiler or interpreter is free to 
hoose any s
heduling. Thus, program analysis must be


orre
t for all s
hedulings. In our setting, knowledge of the default s
heduling allows mu
h more pre
ise

analysis. Debray et al. [8℄ gives a global analysis for logi
 languages with dynami
 s
heduling whi
h determines

parts of the program in whi
h delay and wakeup 
an never o

ur. This allows the 
ompilation of these parts

to be optimized. In order to do this, the analyser uses a very simple model of delay behaviour whi
h does not

give a

urate 
alling pattern information. Finally, Hanus [11, 12℄ gives analyses for improving the residuation

me
hanism in fun
tional logi
 programming languages, and determining when no non-linear 
onstraints delay

in a 
onstraint logi
 program. Both these analyses handles the delay and waking of 
onstraints, but do not

extend to handle atoms whi
h may spawn sub
omputations whi
h in turn have delayed atoms.

In the next se
tion we give the operational semanti
s of logi
 languages with dynami
 s
heduling. In

Se
tion 4 we give the denotational semanti
s. In Se
tion 5 we give the generi
 analysis framework. Se
tion 6

presents some performan
e results and in Se
tion 7 we 
on
lude. In an appendix we give an example analysis.
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2 Operational Semanti
s

In this se
tion we give some preliminary notation and an operational semanti
s for (
onstraint) logi
 programs

with dynami
 s
heduling.

A 
onstraint logi
 program, or program, is a �nite set of rules. A rule is of the form H  B where H,

the head, is an atom and B, the body, is a �nite, non-empty sequen
e of literals. A literal is either an atom

or a primitive 
onstraint. An atom has the form p(x

1

; :::;x

n

) where p is a predi
ate symbol and the x

i

are distin
t variables. A primitive 
onstraint is essentially a prede�ned predi
ate, su
h as term equations or

inequalities over the reals. Arguments to a primitive 
onstraint are terms whi
h may be 
onstru
ted using

prede�ned fun
tions su
h as real addition. The syntax given here is more restri
tive than is usual, as this

will simplify the rest of the paper. However the restri
tions are only synta
ti
, as we 
an always rewrite an

atom p(t

1

; :::; t

n

) with arbitrary terms as arguments into p(x

1

; :::;x

n

);x

1

= t

1

; :::;x

n

= t

n

.

A 
onstraint is a 
onjun
tion of primitive 
onstraints. Constraints are treated modulo logi
al equivalen
e,

and are assumed to be 
losed under existential quanti�
ation and 
onjun
tion. Thus 
onstraints 
an be

ordered by logi
al impli
ation, that is � � �

0

i� �

0

) �. The greatest 
onstraint is denoted by false. It is

the unsatis�able 
onstraint. The least 
onstraint is denoted by true. It is the always satis�able 
onstraint.

We let 9

W

� denote the 
onstraint 9V

1

9V

2

� � �V

n

� where variable set W = fV

1

; : : : ;V

n

g. We let 9

W

� be


onstraint � restri
ted to the variablesW. That is 9

W

� is 9

vars(�)nW

� where fun
tion vars takes a synta
ti


obje
t and returns the set of (free) variables o

urring in it.

A renaming is a bije
tive mapping between variables. We let Ren be the set of renamings, and naturally

extend renamings to mappings between atoms, rules, and 
onstraints. Synta
ti
 obje
ts s and s

0

are said to

be variants if there is a � 2 Ren su
h that �(s) = s

0

. The de�nition of an atom A in program P, defn

P

(A),

is the set of variants of rules in P su
h that ea
h variant has A as a head and apart from the variables in A

has distin
t new variables.

The operational semanti
s of a program is in terms of its \derivations" whi
h are sequen
es of redu
tions

between \states" where a state hG; �;Di 
onsists of the 
urrent literal sequen
e or \goal" G, the 
urrent


onstraint �, and the 
urrent sequen
e of delayed atoms D. Literals in the goals are pro
essed left-to-right.

There are two 
ases. If the literal is a 
onstraint, and it is 
onsistent with the 
urrent 
onstraint, it is added

to it and delayed literals that are awoken by the addition are pro
essed. The other 
ase is when the literal

is an atom. If it is not suÆ
iently instantiated to be pro
essed it is pla
ed in the delayed atom sequen
e.

If the literal is not delayed, it is repla
ed by the body of a rule in its de�nition. Our de�nition makes use

of two parametri
 fun
tions whi
h are dependent on the systems or language being modeled. These are,

delay(A; �), whi
h holds i� a 
all to atom A delays with the 
onstraint �, and awoken(D; �), whi
h is the

subsequen
e of atoms in the sequen
e of delayed atoms D that are awoken by 
onstraint �. Note that the

order of the 
alls returned by awoken is system dependent.

More formally, A state hL : G; �;Di 
an be redu
ed as follows:

1. If L is a primitive 
onstraint and � ^ L is satis�able, it is redu
ed to hD

0

:: G; � ^ L;D nD

0

i where

D

0

= awoken(D; � ^ L).

2. If L is an atom and delay(L; �) holds, it is redu
ed to hG; �;L : Di.

3. If L is an atom and delay(L; �) does not hold, it is redu
ed to hB :: G; �;Di for some (L  B) 2

defn

P

(L).

Note that :: denotes 
on
atenation of sequen
es. A derivation from state S for program P is a sequen
e of

states S

0

! S

1

! :::! S

n

where S

0

is S and there is a redu
tion from ea
h S

i

to S

i+1

. A derivation from a

goal G for program P is a derivation from the state hG; true;nili for P.

The observational behavior of a program is given by its \answers" to goals. A derivation from a goal G

for program P is su

essful if the last state has form hnil; �;Di, that is the 
urrent goal is the empty goal.

The 
onstraint

�

9

vars(G)

� is an answer to S. As there is a non-deterministi
 
hoi
e of the rule in an atom's

de�nition, there may be a number of answers generated from the initial state or goal. We denote the set
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hpath(X;Y); �

1

; nili where �

1

is Y = b

+

hedge(X;Z) : path(Z;Y); �

1

; nili

+

hpath(Z;Y); �

1

; edge(X;Z)i

+

hZ = Y; �

1

; edge(X;Z)i

+

hedge(X;Z); �

2

; nili where �

2

is �

1

^ Z = Y

+

hX = a;Z = b; �

2

; nili

+

hZ = b; �

3

; nili where �

3

is �

2

^ X = a

+

hnil; �

4

; nili where �

4

is �

3

^ Z = b:

Figure 1: Example Derivation

of answers to a goal G for program P by ans

P

(G). In the 
ase when no literals delay and the 
onstraints

are term equations, this semanti
s is the same as the usual operational semanti
s of Prolog. Note that the

answers to a goal must always be satis�able, from the de�nition it is impossible for false to be a valid answer.

As an example, 
onsider the initial state hpath(X;Y);Y = b;nili and the program below. One of the

su

essful derivations is shown in Figure 1.

?� path(X; Y) when ground(Y)

path(X; Y)  X = Y

path(X; Y)  edge(X; Z); path(Z; Y)

?� edge(X; Y) when ground(Y)

edge(a; b)

edge(b; 
)

Following [17℄ we assume that the parametri
 fun
tions delay and awoken satisfy the following four


onditions. The �rst ensures that there is a 
ongruen
e between the 
onditions for delaying an atom and

waking it. The remaining 
onditions ensure that delay behaves reasonably: it should not take variable names

into a

ount; it should only be 
on
erned with the e�e
t of � on the variables in A; and �nally if an atom is

not delayed, adding more 
onstraints should never 
ause it to delay.

(1) A 2 awoken(D; �) i� A 2 D and delay(A; �) does not hold.

(2) For any renaming �, delay(A; �) i� delay(�(A); �(�)).

(3) delay(A; �) i� delay(A;

�

9

vars(A)

�):

(4) If � � �

0

and delay(A; �), then delay(A; �

0

).

These 
onditions are 
ru
ial to the analysis we will develop, as they mean that literals behave as sets of


losure operators. The 
onditions are met in many existing systems and languages.

For simpli
ity we have ignored 
onstraints whi
h delay. These may be modeled in our setting by wrapping

them with atoms whi
h 
an delay. For example delay of non-linear multipli
ation 
onstraints X = Y � Z in

CLP(R) is 
aptured by the rule

mult(X; Y; Z) X = Y � Z:

where delay(mult(X;Y;Z); �) holds whenever � does not 
onstrain Y or Z to be ground.

A
tually the operational semanti
s does not exa
tly give the information a 
ompiler requires for the

generation of eÆ
ient 
ode. This is be
ause we are primarily interested in removing unne
essary tests for

delaying and improving the 
ode for 
onstraint satisfa
tion. Therefore, we must obtain information about

the 
all patterns. That is, for ea
h atom A appearing in the program we want to know whether the 
alls

to the atom initially delay, and when ea
h 
all to A is eventually redu
ed, perhaps after being delayed, the

4



value of the 
urrent 
onstraint restri
ted to the variables in A.

3 Closure Based Semanti
s

In this se
tion we give a 
losure based semanti
s for logi
 programs with delay. Latter we will use the

ideas in this semanti
s to give a slightly more 
omplex semanti
s whi
h is a suitable basis for the abstra
t

interpretation of languages with delay.

One important feature of a semanti
s for analysis is that it should be 
ompositional: the meaning of a rule

body is the 
omposition of the meaning of its 
onstituent literals. The �rst, intuitive, idea for a 
ompositional

semanti
 de�nition is that literals and goals take an environment 
onsisting of the 
urrent 
onstraint and


urrent sequen
e of delayed atoms and transform this into a new environment. However, the denotation of the

literals and goals needs to be a fun
tion from a set of environments into a set of environments. This is be
ause,

due to non-determinism, a single environment may be transformed into a set of possible environments, and

be
ause it is 
onvenient for des
riptions to des
ribe sets of environments.

Using this idea, we 
an indeed develop a 
ompositional semanti
s for logi
 programs with dynami
 s
hedul-

ing (see [17℄). Unfortunately, however this semanti
s is not a good basis for the analysis of su
h programs.

The problem is that the number of variables and number of delayed atoms in the environment is unbounded

and thus hard to �nitely abstra
t. Consider the path program in the previous se
tion. Exe
ution of the goal

Y = 
;path(X;Y)

will build up an unbounded 
olle
tion of delayed edge atoms, involving an unbounded number of variables.

If we look 
arefully at this example, however, we realize that this problem is really an artifa
t. Consider

a �nite set of variables W. If there are �nite number of di�erent des
riptions for 
onstraints over W then

there are a �nite number of fun
tions between these des
riptions over W. It follows that, for a parti
ular

atom A with variables W, the di�erent e�e
ts the delayed atom sequen
es 
an have on the evaluation of A

are also �nite in number. Thus, the problem is really 
aused by having an in�nite number of di�erent names

for a �nite set of \fun
tions". For example the total groundness e�e
t of the atom path(X;Y) is 
aptured

by the fun
tion: if Y is ground, then so is X.

This leads to the idea of a semanti
s in whi
h instead of 
arrying around the sequen
e of delayed atoms

we 
arry around its denotation restri
ted to the variables we are 
urrently interested in. Unfortunately naive

appli
ation of this idea leads to problems, as the denotation will be a mapping from sets of environments

to sets of environments and an environment will be a 
onstraint together with a denotation represemting

the delayed atoms. The re
ursion in these types makes su
h a denotation a very 
omplex obje
t, whi
h is

expensive to 
ompute.

A better approa
h is to 
apture the denotation of the delayed atoms as a set of 
losure operators over the


onstraints. Marriott et al [16℄ has given a simple denotational semanti
s for logi
 programming languages

with delay based on sets of 
losure operators. Di�erent operators 
orrespond to di�erent sequen
es of 
hoi
es.

We revise this semanti
s here.

De�nition. Let (X;�) be a poset and F be an operator on X.

� F is monotoni
 if for all x;x

0

2 X, x � x

0

implies F(x) � F(x

0

).

� F is idempotent if F = F ÆF.

� F is in
reasing if for all x 2 X, x � F(x).

� F is a 
losure operator if F is monotoni
, idempotent, and in
reasing.
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The 
losure based semanti
s for a program P is the least �xpoint of the following eqquations:

BodyClos(nil) = fId

Clos

g

BodyClos(L : B) = Comb(LitClos(L);BodyClos(B))

LitClos(L) = if L is an atom then AtomClos(L) else ConClos(L)

ConClos(
) = f� �:� ^ 
g

AtomClos(L) = AddDelay(A;AtomClos

Awake

(A))

AtomClos

Awake

(A) = LubfRuleClos(A B) j (A B) 2 defn

P

(A)g

RuleClos(A B) = Restri
t(vars(A);BodyClos(B)):

Figure 2: Closure Based Semanti
s

We let � denote the 
omposition operator for 
losure operators. It is de�ned by

(F �G)(x) =

u

fx

0

j x

0

= F(x

0

) and x

0

= G(x

0

) and x � x

0

g:

In the de�nition we are interested in 
losure operators over 
onstraints: Clos � Con! Con. It will be


onvenient to regard a 
losure operator � 2 Clos as having a �xed variable set it is de�ned over, denoted by

vars(�). We extend this naturally to sets of 
losure operators with the same asso
iated variables. Thus we

will talk of the 
losure operators over a variable set W.

The de�nition makes use of several auxiliary fun
tions on 
losure operators de�ned by:

Apply(K;�) = f�(�) j � 2 K; � 2 �g

AddDelay(A;K) = f� �:if delay(A; �) then � else �(�) j � 2 Kg

Comb(K;K

0

) = f� � �

0

j � 2 K; �

0

2 K

0

g

Lub(K) =

S

K

Restri
t(W;K) = f

�

9

W

Æ � j � 2 Kg

as well as the 
onstant fun
tion Id

Clos

= � �:�. Apply(K;�) applies ea
h 
losure operator in K to ea
h


onstraint in �; AddDelay(A;K) modi�es ea
h 
losure operator K so that if A delays for a 
onstraint �

then the 
losure returns � but behaves as before on 
onstraints for whi
h A does not delay; Comb(K;K

0

)


omposes ea
h 
losure operator inK with ea
h 
losure operator inK

0

; Lub(K) 
attens a set of sets of 
losure

operators into a set of 
losure operators; Restri
t(W;K) returns a 
losure operator with the same e�e
t as

K on the variables in W but with its other variables hidden. The assumptions are that for Comb(K;K

0

),

vars(K

0

) = vars(K), for Restri
t(W;K), vars(K) �W.

The 
losure based semanti
s is given in Figure 2. The denotation of a body is 
omputed byBodyClos(B).

It is the 
omposition of the 
losure operators of ea
h literal in B. The denotation of a literal is 
omputed by

LitClos. If the literal is a primitive 
onstraint 
, then the denotation is just the 
losure operator whi
h adds


 to the 
urrent 
onstraint �. If the literal is an atom, AtomClos

Awake

is used to 
ompute the denotation

of the atom if it never delays, and AddDelay is used to modify the 
losures so that they model delay of

A appropriately. AtomClos

Awake


ombines the 
losures from ea
h rule in the de�nition of the literal, �rst

restri
ting the 
losures to the variables in A.

Theorem 3.1 ([16℄)

Let B be a body and P 2 Prog. Then ans

P

(B) = Apply(BodyClos(B); ftrueg) n ffalseg:

4 Hybrid Semanti
s for Analysis

In this se
tion we develop a semanti
s for programs with dynami
 s
heduling whi
h is a suitable basis for

program analysis. It is based on the 
losure semanti
s given in the last se
tion. The reason that we do not use
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The hybrid semanti
s for a program P is the least �xpoint of the following equations:

BodyHyb(nil;K) =K

BodyHyb(L : B;K) =BodyHyb(B; (LitHyb(L;K))

LitHyb(L;K) =if L is an atom then AtomHyb(L;K) else ConHyb(L;K)

ConHyb(
;K) =Add(
;K)

AtomHyb(L;K) =Let K

0

= Restri
t(vars(A);K) in

Let K

00

= LubfAtomHyb

awake

(A;Awake(A;K

0

));AtomHyb

delay

(A;Delay(A;K

0

))g in

Comb(K;Extend(vars(K);K

00

))

AtomHyb

delay

(A;K) =Comb(K;Extend(vars(K);AtomClos(A)))

AtomHyb

awake

(A;K)=LubfRuleHyb(R;K) j (R) 2 defn

P

(A)g

RuleHyb(A B;K) =Restri
t(vars(A);BodyHyb(B;Extend(vars(A B);K)):

Figure 3: Hybrid Semanti
s

the semanti
s of the last se
tion dire
tly is that this semanti
s 
annot give pre
ise information about 
alling

patterns. The semanti
s does not en
ode a left to right default s
heduling. This does not a�e
t information

about answers, be
ause answers are independent of s
heduling, but does a�e
t information about 
all patterns

whi
h are not independent from s
heduling.

The idea behind the semanti
 de�nitions given in this se
tion is to represent a sequen
e of delayed atoms

by a set of 
losure operators, and to pro
ess non-delayed atoms using the standard left-to-right s
heduling in

a similar manner to that used for analysis of traditional logi
 programs without delay. This means that in the

limit for non-delayed atoms, information about 
alling patterns is as pre
ise as we wish. For delayed atoms,

however, we lose some information about their wakeup 
alling patterns, but we do a
hieve termination. We

now formalize this \hybrid" semanti
s.

At �rst it seems that we need to view a single environment as the 
urrent 
onstraint plus a set of 
losure

operators whi
h represent the denotation of the delayed atoms. In fa
t we 
an 
ombine information about

the 
urrent 
onstraint � with the 
losure operator � in the 
losure operator �

0

= � �

0

:�(� ^ �

0

). We have that

�

0

(true) is �, be
ause � must be a �xpoint of �, and that � and �

0

behave identi
ally for all 
ontexts in whi
h

they will be used, that is all 
ontexts in whi
h the 
urrent 
onstraint implies �. This \tri
k" signi�
antly

simpli�es the semanti
 de�nition.

The hybrid de�nition makes use of the fun
tions

Awake(A;K) = f� 2 K j : delay(A; �(true))g

Delay(A;K) = f� 2 K j delay(A; �(true))g

Add(
;K) = f(� �:�(� ^ 
)) j � 2 Kg

Extend(W;K) = K:

Awake(A;K) returns the 
losure operators in K whi
h represent environments in whi
h the atom A is

awake; Delay(A;K) returns the 
losure operators in K whi
h represent environments in whi
h the atom

A is delayed; Add(
;K) returns the 
losure operators representing the environments obtained by adding

primitive 
onstraint 
 to ea
h environment represented by a 
losure operator in K; Extend(W;K) returns a


losure operator whose domain is extended to the variablesW. The assumptions are that for Extend(W;K),

vars(K) �W.

The hybrid semanti
s is given in Figure 3.

The denotation of a rule, given by the fun
tion RuleHyb, is just the denotation of its body, de�ned

by BodyHyb, restri
ted to the variables in the head of the rule. The denotation of the body is just

the 
omposition of the denotations of the 
omponent literals. The denotation of a literal L is given by

LitHyb depends on its type. If L is a primitive 
onstraint then ConHyb uses Add to add it to the


urrent environments. On the other hand, if L is an atom then AtomHyb uses the auxiliary fun
tions

Awake and Delay to split the set of environments into those environments in whi
h L is not delayed and
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those environments in whi
h L is delayed. AtomHyb

delay

adds the 
losure 
orresponding to L to the

environments in whi
h L is delayed. AtomHyb

awake

gives the denotation of an awake atom by 
ombining

the result for ea
h rule de�ning L. First, the 
losure operators representing the 
urrent environments are

restri
ted, using Restri
t, so that they do not 
onstrain variables whi
h are \irrelevant" to this 
all. On
e

the denotation is found Comb adds ba
k the information about the irrelevant variables. For our purposes

the ordering on }Clos is just the subset ordering.

Corre
tness of the semanti
s depends on 
orre
tness of the 
losure based semanti
s.

Theorem 4.1 (Corre
tness of Semanti
s)

Let B be a body and P 2 Prog. Then ans

P

(B) � Apply(BodyHyb(B; fClos

Id

g); ftrueg) n ffalseg:

The in
lusion is not an equality be
ause in AtomHyb the link between the 
alling 
ontinuation and the

return 
ontinuation is lost, and all 
alling 
ontinuations are 
ombined with all return 
ontinuations. This is

the usual loss of pre
ision o

urring in abstra
t interpretation of standard Prolog.

5 Generi
 Analysis Framework

In this se
tion, we investigate how the hybrid semanti
s given in the last se
tion 
an be used as a basis for

program analysis. We formalize a program analysis as an abstra
t interpretation of the semanti
 equations.

In abstra
t interpretation [7℄ an analysis is formalized as a non-standard interpretation of the data types

and fun
tions over those types. Corre
tness of the analysis with respe
t to the standard interpretation is

argued by providing an \approximation relation" whi
h holds whenever an element in a non-standard domain

des
ribes an element in the 
orresponding standard domain.

We de�ne the approximation relation in terms of an abstra
tion fun
tion, �, whi
h maps an element in

the standard domain Y to its \best" or most pre
ise des
ription and a 
on
retization fun
tion, 
, whi
h maps

an element in the des
ription domain X to the largest obje
t it des
ribes. Both the standard and des
ription

domain should be 
omplete latti
es and alpha and 
 should be monotoni
 and adjoint where they are adjoint

if for all x 2 X and for all y 2 Y,

�(y) �

X

x, y �

Y


(x):

The notion of approximation is made pre
ise as follows: x 2 X approximates y 2 Y i� y � 
(x). We

write this x / y. For synta
ti
 obje
ts, su
h as literals and primitive 
onstraints, S / S

0

i� S = S

0

. We

extend / to fun
tion spa
es as follows. Consider f : X

1

� � � � �X

n

! X

0

and g : Y

1

� � � � �Y

n

! Y

0

. We

de�ne f / g i� for all x

1

2 X

1

, ..., x

n

2 X

n

and for all y

1

2 Y

1

, ..., y

n

2 Y

n

, if y

i

/ x

i

for i = 1; ::;n then

f(x

1

; :::;x

n

) / g(y

1

; :::;y

n

).

In the analysis we will be interested in des
ribing sets of 
losure operators and sets of 
onstraints. We 
all

a des
ription of }Clos a 
losure des
ription and a des
ription of }Con a 
onstraint des
ription. We shall

assume that both a 
onstraint des
ription � and a 
losure des
ription Æ have an asso
iated set of variables

vars(�) and vars(Æ), respe
tively, whi
h are the variables of the des
riptions and 
losures they des
ribe.

One example of a 
onstraint des
ription we will make use of is the de�niteness 
onstraint des
ription. The

des
ription domain, denoted Def , is the de�nite Boolean fun
tions [1℄. The key idea in this des
ription is to

use impli
ation to 
apture groundness dependen
ies. The reading of the fun
tion x! y is: \if the program

variable x is (be
omes) ground, so is (does) program variable y." For example, the best des
ription of the


onstraint set ff(x;y) = f(a;g(u;v))g is x^ y $ (u^ v). The variables asso
iated with this des
ription are

fx;y;u;vg.

We 
an use the hybrid semanti
s of Figure 3 as the basis for a generi
 analysis. All that is required is to

repla
e }Clos and }Con by the 
losure and 
onstraint des
ription domain DClos and DCon say, and to
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provide de�nitions for the auxiliary fun
tions:

Apply

0

: DClos�DCon! DCon Comb

0

: DClos�DClos! DClos

Add

0

: Prim�DClos! DClos Lub

0

: }DClos! DClos

Awake

0

: Lit�DClos! DClos Restri
t

0

: }Var �DClos! DClos

Delay

0

: Lit�DClos! DClos Extend

0

: }Var �DClos! DClos:

As long as these approximate the 
orresponding fun
tions in the hybrid semanti
s then the analysis will be


orre
t. Di�erent 
hoi
es of des
ription domain and auxiliary fun
tions give rise to di�erent analyses with

di�erent a

ura
y and appli
ability.

The problem with the dis
ussion so far is that, in a sense, we have swept the issue of how to de�ne

these parametri
 fun
tions under the 
arpet. There has been large body of resear
h devoted to abstra
t

interpretation based generi
 analysis of logi
 programs, and in parti
ular to 
onstraint des
riptions. We now

show how we 
an leverage from this work.

Generi
 analysis frameworks for traditional Prolog are parametri
 in the 
hoi
e of 
onstraint des
ription

DCon and usually require abstra
t operations

Add

0

T

: Prim�DCon! DCon Comb

0

T

: DCon�DCon! DCon

Restri
t

0

T

: }Var�DCon! DCon Lub

0

T

: }DCon! DCon

Extend

0

T

: }Var�DCon! DCon:

whi
h must approximate the 
on
rete operations

Add

T

(
;�) = f
 ^ � j � 2 �g Comb

T

(�;�

0

) = f� ^ �

0

j � 2 �; �

0

2 �

0

g

Restri
t

T

(W;�) = f

�

9

W

� j � 2 �g Lub

T

(�) =

S

�

Extend

T

(W;�) = �:

Given that DCon is a 
onstraint des
ription we 
an indu
e a 
losure des
ription from DCon. The

indu
ed des
ription domain is DCon! DCon and the indu
ed abstra
tion fun
tion � is de�ned by

u

fÆ 2 (DCon! DCon) j 8� 2 K : Æ / �g:

We 
an also de�ne many of our parametri
 relations over the indu
ed 
losure operator des
riptions from the

abstra
t operations over DCon. More pre
isely we 
an de�ne

Apply

0

(Æ; �) = Æ(�)

Add

0

(
; Æ) = Comb

0

(� �:Add

0

T

(
; �); Æ)

Lub

0

(D) = ��:Lub

0

T

fÆ(�) j Æ 2 Dg

Restri
t

0

(W; Æ) = �d:Restri
t

0

T

(W; Æ(Extend

0

T

(vars(Æ);d)))

Extend

0

(W; Æ) = �d:Extend

0

T

(W; Æ(Restri
t

0

T

(vars(Æ);d))):

The operationsAwake

0

and Delay

0


an also be naturally de�ned in terms of simpler operationsAwake

0

T

and Delay

0

T

on DCon:

Awake

0

(A; Æ) = �d:Awake

0

T

(Æ(d))

Delay

0

(A; Æ) = �d:Delay

0

T

(Æ(d))

where Awake

0

T

(d) must approximate ea
h � 2 (
(d) \ f� 2 Con j : delay(A; �)g and Delay

0

T

(d) must

approximate ea
h � 2 
(d) \ f� 2 Con j delay(A; �)g.

The most problemati
 operation to de�ne in terms of operations over DCon is Comb

0

. The key to its

de�nition is the following lemma [18℄:

Lemma 5.1 If F and F

0

are 
losure operators, then

1. For all ordinals � < �, (F ÆF

0

)

�

� (F ÆF

0

)

�

� (F �F

0

)
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2. For some ordinal �, F �F

0

= (F ÆF

0

)

�

.

This means that we 
an 
ompute a 
losure by using \reexe
ution". The problem is that the 
losure

des
riptions Æ need not be extensive. This means that we must 
onsider the \
y
le points" of a fun
tion.

These are a straightforward generalization of the usual �x points. For this de�nition to work we make the

requirement that the set of 
onstraint des
riptions over a �xed set of variables is �nite. This implies that the

number of indu
ed 
losure des
riptions over a �xed set of variables is also �nite.

Let F : X! X be a possibly non-monotoni
 fun
tion on a �nite set X. The 
y
le points of F for x 2 X,

denoted by 
y
le points(F;x) is the set

fF

i

(x) j 9 i; j > 0 : F

i

(x) = F

i+j

(x)g:

Computing the 
y
le points of a fun
tion over a �nite set is straightforward, just 
ompute the sequen
e x,

F(x), F

2

(x), ... until a repeated element o

urs. The 
y
le points are exa
tly the elements between the �rst

and se
ond o

urren
e.

We 
an de�ne Comb

0

in terms of Comb

0

T

as follows:

Comb

0

(Æ; Æ

0

) = �d:Alub

0

T


y
le points(C;d)

where C(d

0

) = Comb

0

T

(Æ(d

0

); Æ(d

0

)). The reason we had to introdu
e 
y
le points is that the fun
tion C is

not ne
essarily monotoni
. This arises be
ause the ordering on 
onstraint des
riptions re
e
ts the number of


onstraints they des
ribe, not the logi
al ordering on the 
onstraints.

The denotational equations given by providing de�nitions for the auxiliary fun
tions 
an be 
onsidered

as a de�nition of a 
lass of program analyses. Read naively, the equations spe
ify a highly redundant way

of 
omputing 
ertain mathemati
al obje
ts. On the other hand, the denotational de�nitions 
an be given

a \
all-by-need" reading in whi
h the same partial result is not repeatedly re
omputed and only 
omputed

if it is needed for the �nal result. In the abstra
t interpretation of traditional Prolog programs to avoid

redundant 
omputations, the result of invoking atom A in the 
ontext of environment e is re
orded. Su
h

memoing 
an be implemented using fun
tion graphs. The fun
tion graph for a fun
tion f is the set of pairs

f(e 7! f(e)) j e 2 dom(f)g where dom(f) denotes the domain for f . Computation of a fun
tion graph is

done in a demand-driven fashion so that we only 
ompute as mu
h of it as is ne
essary in order to answer a

given query. This 
orresponds to the \minimal fun
tion graph" semanti
s used by Jones and My
roft [15℄.

However, matters are 
ompli
ated by the fa
t that we are performing a �xpoint 
omputation and we must

iteratively 
ompute the result by means of the fun
tion's Kleene sequen
e. In our 
ontext the appli
ation

of this idea leads to two generi
 algorithms for the memoization based analysis of programs with dynami


s
heduling whi
h extend the usual memoization based analysis for traditional Prolog.

In the �rst, and simplest, algorithm the analysis starts from a \
all" and in
rementally builds a memo-

ization table. This 
ontains tuples of \
alls" and their \answers" whi
h are en
ountered in derivations from

the initial 
all. Calls are tuples of the form A :: � where A is an atom, and � a 
losure des
ription restri
ted

to the variables in A. An answer to a 
all A :: � is of the form �

0

where �

0

is a 
losure des
ription restri
ted

to the variables in A. To improve eÆ
ien
y, the analysis needs only 
onsider 
alls modulo variable renaming.

Entries in the memoization table are \
anoni
al" and really represent equivalen
e 
lasses of 
alls and answers.

As an example 
onsider the analysis of the path program and 
all from Se
tion 2 using the abstra
t

domain Def . Closure fun
tion f is represented by a de�nite boolean formulae, F, where f(d) = F ^ d. The

initial 
all path(X;Y) :: Y 
omputes an answer 
losure X ^Y using the �rst rule. Evaluating the se
ond

rule sets up a 
all to edge(X;Z) :: true. The answer des
ription of edge(X;Z) :: true is 
al
ulated as

Z ! X. The 
all to p(Z;Y) uses the 
urrent answer Z ^ Y and 
omputes new 
losure answer X ^ Y for

p(X;Y) :: true. This is the same as the old answer so we have rea
hed a �xpoint, the �nal memo table is

edge(X;Z) :: true 7! Z! X

path(X;Y) :: Y 7! X ^Y:
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This �rst generi
 algorithm works quite well if it is not too expensive to 
ompute the 
losure des
riptions

of delayed atoms. This is true if the 
losure des
ription domain is very simple (as in the above example), or

if only 
onstraints 
an delay as in many CLP languages su
h as CLP(R). Unfortunately with this algorithm

it is diÆ
ult to provide 
alling pattern information for delayed atoms.

In the 
ase that the 
losure des
ription domain is a 
omplex fun
tion and we have arbitrary delay, then

we 
an modify the algorithm to give our se
ond generi
 algorithm as follows. The idea is that we also

evaluate the 
losure des
riptions � lazily. The problem is that 
omputing if two 
losure des
riptions are the

same is an expensive test as we must 
ompare their value over all elements of their domain. In the se
ond

generi
 algorithm two fun
tions are assumed to be the same as long as their behavior is not di�erent on the

abstra
t 
onstraints upon whi
h the fun
tions have been assessed. This means a fun
tion evaluation table

is used to store fun
tion evaluations and determine if two fun
tions are \observationally equivalent". It also

requires handling the 
ase where two fun
tions are assumed equivalent and later found to di�er. In this


ase 
omputation based on the equivalen
e needs to be dis
arded. Note that if the analysis terminates with

two des
riptions being \observationally equivalent" then the results of the analysis do not depend on the

fun
tions they de�ne a
tually being identi
al, but only that they are identi
al on the values 
omputed, in

other words they must be \observationally equivalent". An example of this algorithm's operation is given in

the Appendix.

We note that as long as the underlying 
onstraint des
ription domain DCon only has a �nite number

of des
riptions for a given �nite set of variables then both of our generi
 algorithms will terminate. This is

be
ause there are only a �nite number of fun
tions that 
an be de�ned mapping DCon to DCon for a given

�nite set of variables. In the 
ase of the se
ond algorithm eventually two 
losure des
riptions must de�ne the

same fun
tions and hen
e be found to be \observationally equivalent".

6 Experimental Evaluation

Examination of the example analysis in the appendix, may suggest that the analysis method is too expensive

to 
ompute. The experimental evaluation presented in this se
tion will show that our analysis method is

pra
ti
al for real programs.

For eÆ
ien
y the implementation des
ribes a 
losure des
ription f

0

using a tuple (d; f) where d is a


onstraint des
ription from DCon whi
h gives the known 
onstraint information at that program point and

f : DCon! DCon des
ribes the e�e
t of the delayed atoms. More exa
tly, f

0

= � x:f(Comb

0

T

(d;x)). This

approa
h redu
es the number of new fun
tions needed to be de�ned and gives expli
it information about the


urrent 
onstraint des
ription at ea
h program point whi
h is exa
tly the information required to 
ompute the


alling patterns and answer patterns. The implementation ensures that the 
onstraint des
ription represents

all the information engendered by the fun
tion as well. That is, for ea
h des
ription (d; f) appearing as a


alling pattern or answer pattern f(d) = d. The result of ea
h fun
tion evaluation is stored in an evaluation

table. Its purpose is two-fold, when the same evaluation is required its value is looked up in the table to avoid

re
omputation, and when two fun
tions are being 
ompared to see if they are \observationally equivalent",

the 
alls of interest are found in the evaluation table.

Many programs either have no delay or the delay is restri
ted to some area of the 
omputation. In these


ases the 
losure des
ription is of the form (d; f), where f is equivalent to the identity fun
tion on des
riptions

id

DCon

. Our framework 
an be easely modi�ed to take advantage of this by treating the fun
tion id

DCon

spe
ially: it is always the initial fun
tion des
ription for the goal, and until an atom possibly delays it 
an

be used as the 
orre
t fun
tion des
ription. We 
an also dete
t 
ases in whi
h a des
ription (d; f) only

des
ribes situations in whi
h atoms whi
h have delayed, have all subsequently been awoken. In these 
ases,

the des
ription 
an again be repla
ed by (d; id

DCon

). Note that using this modi�
ation, we 
an never assume

equivalen
e between (d; id

DCon

) and any other 
losure des
ription. As we will see in the experiments, this

simple modi�
ation signi�
antly improves the eÆ
ien
y of the analysis.

Two di�erent experiments have been performed. The �rst one evaluates the overhead introdu
ed by
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Program PLAI MSets Id Hyb

Ovh Fun Val Eq

aiakl 998 1.14 1.02 9.23 71 202 23

ann 4403 1.09 1.01 9.20 678 2365 235

bid 213 1.32 1.17 4.05 96 127 30

boyer 2515 1.14 0.98 6.46 388 872 204

browse 98 1.28 1.11 3.94 53 58 19

deriv 66 1.32 1.14 4.91 27 24 20

�b 15 1.24 1.18 3.70 8 9 3

grammar 86 1.29 1.11 3.41 18 35 1

hanoiapp 28 1.26 1.16 5.15 16 17 6

mmatrix 36 1.34 1.10 4.05 18 21 6

o

ur 40 1.29 1.15 4.38 20 25 6

peephole 1900 1.20 1.02 6.25 496 924 248

progeom 109 1.24 1.18 4.37 52 62 16

qplan 988 1.37 1.02 5.55 416 514 162

qsortapp 40 1.38 1.10 4.90 24 27 9

query 124 1.40 1.31 2.18 12 18 1

rdtok 714 1.45 1.10 7.97 303 621 159

read 715 1.41 1.04 4.80 273 282 135

serialize 684 1.14 0.98 10.77 68 241 23

tak 17 1.58 1.32 6.10 12 12 5

warplan 2536 1.29 1.08 39.77 942 4202 414

zebra 235 1.24 0.99 2.79 34 63 9

1.29 1.10 7.00

Table 1: EÆ
ien
y Results

our method when analyzing (parts of) programs in whi
h no dynami
 s
heduling o

urs. To evaluate su
h

overhead, we have 
ompared four analysers whi
h result from instantiating the following frameworks over

the Def abstra
t domain: the PLAI framework [19℄ (PLAI), the framework presented in [17℄ (MSets),

the se
ond generi
 algorithm in whi
h the 
losure des
riptions are 
omputed lazily (Hyb), and a modi�ed

version of this algorithm whi
h treats id

DCon

spe
ially (Id). The reliability of the 
omparison is based on

the fa
t that all analysers have been implemented by suitably modifying the PLAI framework and adding

some domain dependent fun
tions to the Def abstra
t domain, already implemented in PLAI.

We have sele
ted a wide set of ben
hmarks whi
h have been traditionally used in the evaluation of \stati
"

analyzers

1

and therefore do not 
ontain suspension de
larations. The results of the evaluation is shown in

Table 1. For ea
h ben
hmark, the information shown is the following: analysis times

2

in millise
onds using

PLAI, overhead introdu
ed by MSets, Id and Hyb. These overheads are 
omputed 
omputed by dividing

the analysis times by those obtained with PLAI. The remaining 
olumns show, for Hyb, the number of

fun
tions 
reated (Fun), the total number of fun
tion evaluations (Val), and the total number of equivalen
es

assumed (Eq). Id does not 
reate fun
tions for these ben
hmarks. However, the numbers give an idea of

the 
omplexity using Id on similar sized programs that do 
ontain delay. No a

ura
y results are presented

sin
e, as expe
ted, the information inferred by all analysers is the same for \stati
" programs.

The results show that bothMSet and Id involve a reasonable small overhead (30% and 10%, respe
tively),

when analysing programs whi
h do not delay. The performan
e of Hyb is 
learly worse than the other

1

A 
omplete des
ription of this ben
hmarks 
an be found, for example, in [2℄.

2

SICStus 2.1, 
ompa
t
ode, SPARCstation 10, one pro
essor.
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Program MSets Id Hyb

� 1 � 2 Time Fun Val Eq Time Fun Val Eq

simple 45 y 70 72 4 11 0 148 17 35 5

path 226 y 378 y 61 6 7 1 93 16 21 4

append3 27 23 1 0 0 84 11 12 3

181 84 4 6 1 254 24 39 10

nrev 28 26 1 0 0 89 12 13 4

160 93 4 6 1 330 38 44 15

permute 32 32 1 0 0 109 12 14 4

2601 y 46196 y 805 23 37 8 795 31 50 11

qsort 67 62 1 0 0 249 28 33 9

5300 y 314117 y 1754 85 206 41 1476 119 174 58

mortgage 69 60 1 0 0 1189 66 91 19

555 y 4024 y 482 28 34 17 770 45 64 13

�b 6884 y 439857 y 397 24 44 6 660 37 53 8

5098 y 72945 y 832 56 105 26 1946 102 172 34

Table 2: EÆ
ien
y for programs with dynami
 s
heduling

methods.

The se
ond experiment 
omparesMSets,Hyb and Id when analyzing programs with dynami
 s
heduling.

The �rst ben
hmark is that presented in the Appendix. The se
ond is the path program analyzed for the

example goal. The next four are those used in the evaluation of the framework presented in [17℄. The �nal

two are the well-known CLP programs mortgage and fibbona

i, modi�ed so that arithmeti
 delays until it


an be 
omputed by lo
al propagation. All these ben
hmarks have two obvious modes of operation forwards

and ba
kwards de
larations, and thus the ben
hmarks have been analyzed for both kinds of queries. The

information shown in Table 2 is similar to that shown in the previous table. We give two di�erent analysis

times for MSets, where the size of the multiset des
ription is restri
ted to � 1 and � 2, respe
tively. When

these analyses are identi
al, only the �rst time is given. Both Id and Hyb are 
ompletely a

urate on these

ben
hmarks. Examples where MSets loses a

ura
y are marked with a y.

Examining the results, it is 
lear that whenever no suspension o

urs (the �rst 
all for app3, nrev,

permute, qsort and mortgage) the analysis for all methods, even Hyb, is reasonable fast. Id is always

faster than MSets, ex
ept for simple using multiset size � 1. In this 
ase the analysis perform by MSets

is simpler be
ause it loses all a

ura
y and rea
hes the �xpoint earlier. Id is almost always faster than Hyb,

the ex
eption being qsort in the 
ase it delays. In this 
ases Id requires more fun
tion evaluations due to

the restri
tion whi
h prevents assuming equivalen
es with Id

DCon

.

MSets su�ers in 
omparison to the other methods when delay o

urs, there are three reasons for this.

First MSets must 
arry around larger des
riptions, be
ause they involve the variables of the delayed atoms,

se
ond MSets 
annot perform lub operations when atoms are delayed and hen
e has to treat ea
h answer

separately. These problems lead to the explosion in analysis times when the size of the multiset is in
reased.

Finally, when there are unbounded length 
hains of delayed atoms, as in path, the se
ond goal for ea
h

of permute, qsort, mortgage and both goals for fib, it is for
ed to lose substantial information. In the

experiment we have 
onsidered sizes of one and two, however in pra
ti
e a larger bound would usually be

required to 
apture a reasonable number of 
ases where the number of delayed atoms is bounded. In the

ben
hmarks simple is the only 
ase where the number of delayed atoms is bounded and greater than one.

In this 
ase greater a

ura
y was a
hieved by in
reasing the bound. We 
an 
on
lude that MSets is not

pra
ti
al for non-trivial programs.

An interesting observation is that no invalid equivalen
e assumptions were made during the analysis of
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any ben
hmark. This is due to the fa
t that for an equivalen
e to be assumed we require the �rst 
omponent

of the abstra
tions (the 
onstraint des
riptions) to be identi
al. As a result, a di�eren
e will only appear

whenever re-evaluating the fun
tions for a more 
on
rete value than the asso
iated 
onstraint des
ription

produ
e di�erent answers. This 
an only be due to the awakening of a delayed atom in one of the fun
tions

or, more rarely, due to the fa
t that we are using an underlying abstra
t domain where re-exe
ution may

sometimes improve a

ura
y.

7 Con
lusion

We have given a generi
 framework for the analysis of 
onstraint logi
 programming languages in whi
h atoms

and 
onstraints 
an delay. An empiri
al evaluation of a groundness analyzer based on our framework has

demonstrated the pra
ti
ality of the framework. To our knowledge it is the �rst pra
ti
al framework for

analyzing logi
 programming languages with delay. Information given by analyses based on our framework

promise to improve the exe
ution of logi
 languages with delay by an order of magnitude [17℄.

Our framework is also useful for the analysis of 
on
urrent 
onstraint languages. The di�eren
e between

these languages and the languages we have 
onsidered are that they use a 
ommitted 
hoi
e non-determinism

when 
hoosing whi
h rule to redu
e an atom with, and they have no �xed underlying s
heduling rule. However,

one of the most promising methods for the implementation of 
on
urrent languages is to 
ompile them into

logi
 languages with delay [9℄. Our analysis method 
an, of 
ourse, be used to optimize the resulting 
ode.

The main use of our analysis framework is to give information about 
alling patterns. For atoms whi
h

do not delay, even in the presen
e of delayed atoms whi
h may be awoken, the framework gives very pre
ise

information. For atoms whi
h have delayed, however, the information is less pre
ise. This is be
ause the

delayed atoms are bundled into a single 
losure whi
h is 
ontinuously being reevaluated. Thus for the delayed

atoms, our framework has the impre
ision inherent in any reexe
ution based analysis [18℄. We are 
urrently

investigating methods to improve this.
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Appendix { A Worked Example

In this Appendix we give an example of the 
losure based analysis of a simple program. The des
ription is a

somewhat simpli�ed version of what takes pla
e in the implementation.

Consider the analysis of the following program for the goal q(X;Y;Z):

q(X, Y, Z) :-

0

p(X, Y, Z)

1

, p(Z, X, Y)

2

, X = 1

3

.

?- p(X, Y, Z) when ground(X).

p(X, Y, Z) :-

4

X = Z

5

.

This program has been 
hosen to illustrate the use of the evaluation table and how approximate 
losures


apture delayed atoms. We 
onsider a groundness analysis using the Def domain.

Sin
e there are initially no delayed atoms the fun
tion de�ning the 
losure des
ription is just f

0

whi
h is

de�ned to be the identity fun
tion with domain the Def des
riptions of the variables fX;Y;Zg. The 
alling

pattern to q(X;Y;Z) is therefore

q(X;Y;Z) :: (true; f

0

)

Ensuring that all DCon information is available requires 
omputing f

0

(true) = true.

The des
ription at point 0 is again (true; f

0

). The �rst 
all to p(X;Y;Z) has the same information. We

need to de
ide if the 
all is possibly delayed or not. As true des
ribes all 
onstraints, we do not know if the


all delays or not, so we must 
onsider both 
ases and \lub" the resulting answers together.

First 
onsider the 
ase when the 
all p(X;Y;Z) :: (true; f

0

) does not delay. In this 
ase we 
an in
lude

the extra information that, be
ause the 
all did not delay, X is ground in the fun
tion des
ribing the 
alling

pattern. Thus at point 4 we have the des
ription (X; f

0

) whi
h in
ludes the information that X is ground.

We need to evaluate f

0

(X) = X to ensure the Def information in the new 
alling pattern is 
omplete. At

point 5 we derive des
ription (X^Z; f

0

). Be
ause we want answer information to be a

urate, we must ensure

that nothing was awoken by the additional information. Hen
e we evaluate f

0

(X^Z) = X^Z. We now have

su

essfully 
omputed an answer for p and we add an entry to the answer table

p(X;Y;Z) :: (X; f

0

) 7! (X ^ Z; f

0

):

The se
ond 
ase is when the 
all p(X;Y;Z) :: (true; f

0

) delays. For an arbitrary des
ription domain the

fun
tion, f

1

, des
ribing the result of delaying p(X;Y;Z) is of the form:

f

1

(d) = if (d! ground(X)) then f

p

(d)

elseif (d! :ground(X)) then d

else f

p

(d ^ ground(X)) t (d ^ not ground(X))

The fun
tion involves three 
ases: in the �rst the abstra
tion implies that p(X;Y;Z) is de�nitely not delayed.

In this 
ase the result is given by f

p

(d) whi
h is a fun
tion that is de�ned to be the result of 
alling p with

des
ription (d; Id

X;Y;Z

). The se
ond 
ase is when the atom de�nitely delays. For the Def abstra
t domain

this information is never available so the 
ase 
an be omitted, but it is useful in other domains su
h as

de�nite freeness. The third 
ase is where it 
annot be determined by the abstra
tion d whether the atom

wakes up or not, the result is the lub of the results for waking up (with added information from the wakeup)

and delay (with added information from the delay). The above de�nition 
orresponds to that used by the

implementation, whi
h is parametri
 in domain. The de�nition of f

1

spe
ialized to Def we will use for the

purposes of this explanation is:

f

1

(d) = if (d! X) then f

p

(d) else d:

Fun
tion f

1

represents AtomClos(p(X;Y;Z)). The overall behavior of the 
all p(X;Y;Z) :: (true; f

0

)

is the lub of the above two possibilities { delay or not delay. We have to be 
areful sin
e this lub must be
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over the fun
tions that the des
riptions represent. f

2

(d) = f

1

(d) t (X ^ Z ^ f

0

(X ^ Z ^ d). Determining

f

2

(true) = true involves 
omputing f

1

(true) and hen
e looking up the already 
omputed value for f

0

(X^Z).

This 
auses us to add another entry to the memo table:

p(X;Y;Z) :: (true; f

0

) 7! (true; f

2

):

Combining the result of the 
all to p(X;Y;Z) :: f

0

with the des
ription at point 0, we obtain a des
ription

(true; f

3

) at program point 1 where f

3

is de�ned to be Comb

0

f

0

f

2

For the Def abstra
t domain Comb

0

T

is

just 
onjun
tion and the fun
tion C d = Comb

0

T

(f d) (f

0

d) is monotoni
. Thus C has a single 
y
le point

whi
h is its least �xpoint and so f

3

is de�ned to be lfp(�d:f

0

(d) ^ f

2

(d)).

Determining the 
alling pattern for the se
ond 
all to p we build a renaming version of f

3

, that is

f

4

(d) = �

4

f

3

(�

�1

4

d) �

4

= fZ 7! X;X 7! Y;Y 7! Zg:

Note that in the a
tual implementation this is avoided, we in
lude it here for ease of explanation. The 
alling

pattern is therefore (true; f

4

). To ensure a

ura
y of the 
onstraint des
ription information we 
omputed

f

4

(true) = true, whi
h requires 
omputing f

3

(true). In turn, this involves looking up f

2

(true) and f

0

(true).

Sin
e f

2

(true) = true and f

0

(true) = true the �xpoint is rea
hed and the evaluation of f

3

(true) halts.

Examining the new 
alling pattern (true; f

4

) we \
onje
ture" that f

0

and f

4

are equivalent fun
tions in

order to use the answer table entry. To test if the 
onje
ture is valid, we 
he
k they are \observationally

equivalent" for all evaluations so far made for f

0

and f

4

, that is true, X and X^Z. They agree for true, but

we must 
al
ulate f

4

(X) and f

4

(X^Z). Computing f

4

(X^Z) = X^Z involves 
omputing f

3

(Z^Y); f

0

(Z^

Y); f

2

(Z ^Y) and f

1

(Z ^Y). Similarly 
omputing f

4

(X) = X involves 
omputing f

3

(Z); f

0

(Z); f

2

(Z); f

1

(Z).

The answers agree with f

0

(X^Z) and f

0

(X). But 
omputing them involved new fun
tion 
alls to f

0

. Therefore

we must determine the values for f

4

(Z ^Y) and f

4

(Z) to see if the \observational equivalen
e" 
ontinues to

hold.

Computing f

4

(Z^Y) involves 
omputing f

3

(X^Y); f

0

(X^Y); f

2

(X^Y) and f

1

(X^Y) The last involves


omputing f

p

(X^Y). This invokes a 
all to p(X;Y;Z) with des
ription (X^Y; f

0

). The resulting des
ription

at point 5, (X ^Y ^ Z; f

0

), produ
es an answer table entry

p(X;Y;Z) :: (X ^Y; f

0

) 7! (X ^Y ^ Z; f

0

)

and involves 
al
ulating f

0

(X ^ Y ^ Z) to ensure the most pre
ise 
onstraint des
ription information is

determined. The result is f

1

(X ^Y) = X ^Y ^ Z. In the 
ontinuing 
al
ulation of f

3

(X ^Y) we need to

then evaluate f

2

(X^Y ^Z) and f

1

(X^Y ^Z) whi
h again sets up a new 
all to p(X^Y ^Z; f

0

), resulting

in in answer table entry

p(X;Y;Z) :: (X ^Y ^ Z; f

0

) 7! (X ^Y ^ Z; f

0

)

The �nal result f

4

(Z^Y) = X^Y ^Z does not agree with f

0

hen
e the 
onje
ture is wrong | they are not

the same fun
tion.

Thus we must 
onsider the 
all p(X;Y;Z) :: (true; f

4

) as a new 
all. The answer if p delays is just f

1

.

If p wakes then the des
ription at point 4 is (X; f

4

) and the answer is (X ^ Z; f

4

). Obtaining the answer

involves looking up f

4

(X) and f

4

(X^Z) to ensure the 
alling pattern and answer pattern information about

the 
onstraint des
ription is pre
ise. Let f

6

(d) = f

1

(d)t (X^Z^ f

4

(X^Z^d)), 
omputing f

6

(true) = true

involves looking up f

1

(true) and f

4

(X ^ Z). The new answer table entries are

p(X;Y;Z) :: (X; f

4

) 7! (X ^ Z; f

4

)

p(X;Y;Z) :: (true; f

4

) 7! (true; f

6

)

Renaming the result of the 
all to p(Z;X;Y) ba
k to the original variables is a
hieved using the fun
tion

f

7

(d) = �

�1

4

f

6

(�

4

d) �

4

= fZ 7! X;X 7! Y;Y 7! Zg
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The result at point 2 is (true; f

8

) where fun
tion f

8

= lfp(�d:f

3

(d)^f

7

(d)). Adding the 
onstraint information

we obtain des
ription (X; f

8

) at point 3. In order to pla
e an entry in the table for q(X;Y;Z) we need to

determine f

8

(X). This involves 
al
ulating f

3

(X); f

2

(X); f

1

(X) and f

p

(X). The last looks up the answer table

to �nd f

p

(X) = X ^ Z. Continuing the 
omputation of f

3

(X) involves f

2

(X ^ Z); f

1

(X ^ Z) and f

p

(X ^ Z).

This sets up a new 
all to p eventually giving rise to the answer table entry

p(X;Y;Z) :: (X ^ Z; f

0

) 7! (X ^ Z; f

0

)

Cal
ulation of f

8

(X) 
ontinues with f

7

(X); f

6

(Y); f

1

(Y). The next iteration in the 
al
ulation of f

8

(X) involves

determining f

3

(X ^ Z) and f

7

(X ^ Z). Computing f

3

(X ^ Z) involves looking up f

2

(X ^ Z). f

7

(X ^ Z) is


al
ulated using f

6

(X ^Y); f

4

(X ^Y ^ Z); f

3

(X ^Y ^ Z) and looking up f

2

(X ^Y ^ Z). Cal
ulation of the

next iteration of f

8

(X) 
ontinues with f

7

(X ^Y ^ Z) and f

6

(X ^Y ^ Z). The result is (X ^Y ^ Z; f

8

) as

expe
ted. The �nal answer table entry is

q(X;Y;Z) :: (true; f

0

) 7! (X ^Y ^ Z; f

8

)

The answer information is as a

urate as possible with the Def domain, while we 
an determine the 
alling

pattern information (that p(X;Y;Z) is 
alled with X ground) from the memoization table. Using Id we

would dete
t that f

8


ould be repla
ed by Id

Def

.
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