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Studying independen
e of goals has proven very useful in the 
ontext of logi
 programming.

In parti
ular, it has provided a formal basis for powerful automati
 parallelization tools, sin
e

independen
e ensures that two goals may be evaluated in parallel while preserving 
orre
tness

and eÆ
ien
y. We extend the 
on
ept of independen
e to 
onstraint logi
 programs (CLP) and

prove that it also ensures the 
orre
tness and eÆ
ien
y of the parallel evaluation of independent

goals. Independen
e for CLP languages is more 
omplex than for logi
 programming as sear
h

spa
e preservation is ne
essary but no longer suÆ
ient for ensuring 
orre
tness and eÆ
ien
y. Two

additional issues arise. The �rst is that the 
ost of 
onstraint solving may depend upon the order


onstraints are en
ountered. The se
ond is the need to handle dynami
 s
heduling. We 
larify

these issues by proposing various types of sear
h independen
e and 
onstraint solver independen
e,

and show how they 
an be 
ombined to allow di�erent optimizations, from parallelism to intelligent

ba
ktra
king. SuÆ
ient 
onditions for independen
e whi
h 
an be evaluated \a priori" at run-time

are also proposed. Our study also yields new insights into independen
e in logi
 programming

languages. In parti
ular, we show that sear
h spa
e preservation is not only a suÆ
ient but also

a ne
essary 
ondition for ensuring 
orre
tness and eÆ
ien
y of parallel exe
ution.
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1 INTRODUCTION

The notion of independen
e of program statements or pro
edure 
alls is relatively

well understood in the 
ontext of imperative languages, where several de�nitions of

independen
e, ranging from those based on the Bernstein 
onditions to more re
ent

notions of \semanti
 independen
e," have been de�ned and applied primarily in pro-

gram parallelization [Ba
on et al. 1994; Best and Lengauer 1990℄. Independen
e

has also been studied and proved to be a very useful 
on
ept in traditional logi
 pro-

gramming. Again, the primary motivation is program parallelization [Hermenegildo

and Rossi 1995; Haridi and Janson 1990℄. However, it also provides a theoreti
al

basis for other powerful program optimizations, in
luding intelligent ba
ktra
king

[Pereira and Porto 1982℄, and goal reordering [Warren and Pereira 1982℄.

The general, intuitive notion of independen
e in logi
 programming is that a goal

q is independent of a goal p if p does not \a�e
t" q. A goal p is understood to a�e
t

another goal q if p 
hanges the exe
ution of q in an \observable" way. Observables

in
lude 
hanging the solutions that q produ
es (\
orre
tness") and 
hanging the

time that it takes to 
ompute su
h solutions (\eÆ
ien
y"). This 
ontrasts with

more traditional notions of independen
e whi
h, be
ause of the 
hara
teristi
s of

imperative or fun
tional languages, only need to deal with the preservation of 
or-

re
tness [Hermenegildo 1997℄.

Previous work in the 
ontext of traditional logi
 programming languages [Conery

1983; DeGroot 1984; Hermenegildo and Rossi 1995; Chassin and Codognet 1994℄

has 
on
entrated on de�ning suÆ
ient 
onditions whi
h ensure that goals 
an be

safely exe
uted in parallel. This has been a
hieved by ensuring that either the goals

do not share variables (stri
t independen
e) or if they share variables, that they do

not \
ompete" for their bindings (non stri
t independen
e).

In this paper we 
onsider independen
e in the general 
ontext of the 
onstraint

logi
 programming (CLP) paradigm [Ja�ar and Lassez 1987℄, whi
h has emerged as

the natural 
ombination of the 
onstraint solving and logi
 programming paradigms.

As for logi
 programming, our main motivation is to �nd 
onditions whi
h allow

goals to be exe
uted in parallel. However, we shall also investigate other types of

independen
e, ea
h of whi
h is \interesting" for a 
ertain 
lass of program trans-

formations.

Generalizing the independen
e results obtained for logi
 programming to CLP

is diÆ
ult for two reasons. The �rst reason is that the 
ost of 
onstraint solving

may depend upon the order in whi
h 
onstraints are en
ountered. This means we

need to introdu
e a notion of \
onstraint solver independen
e" whi
h 
aptures how

sensitive the solver is to reordering of 
onstraints. This issue did not arise for logi


programs be
ause the standard uni�
ation algorithm, as usually implemented, is,

in most pra
ti
al 
ases, independent in this sense. However, in the more general


ontext of CLP, 
onstraint solver independen
e need not hold. The se
ond reason

is that many CLP languages provide dynami
 s
heduling of literals in goals. This

is useful be
ause it fa
ilitates de�nition or extension of 
onstraint solvers but is


onsiderably more diÆ
ult to understand than the standard left-to-right evaluation

of goals in logi
 programs. A
tually, dynami
 s
heduling is also present in some

logi
 programming languages, but sin
e it is not widely used it has been ignored in

work on parallelization. However, it must be addressed in the CLP 
ontext be
ause

of its importan
e when writing 
onstraint solvers.
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Generalizing independen
e to arbitrary CLP languages and 
onstraint solvers is

not only interesting in itself, but also yields new insights into independen
e even for

logi
 programs. First, it allows us to simplify many of the earlier results by 
ou
hing

them in terms of 
onstraints rather than substitutions. Se
ond, extension of the

results to the 
ase of dynami
 s
heduling has required us to pre
isely formalize

sear
h spa
e preservation and its relationship to independen
e.

We believe that generalization of independen
e to CLP will be useful, sin
e the

asso
iated optimizations performed in the 
ontext of logi
 programming appear

equally appli
able to the 
ontext of 
onstraints. Indeed, the 
ost of performing


onstraint satisfa
tion makes the potential performan
e improvements even larger.

Preliminary experiments with and-parallelization of CLP [Gar
��a de la Banda et al.

1996℄ provide some eviden
e in this dire
tion.

The rest of the paper pro
eeds as follows. Se
tion 2 reviews various models for

the parallel exe
ution of logi
 programs and the asso
iated notions of independen
e.

Se
tion 3 formally de�nes a parallel exe
ution model for CLP programs. Se
tion 4


lari�es the relationship between sear
h spa
e preservation and the safety of parallel

exe
ution. Se
tion 5 presents several 
on
epts of independen
e for CLP, ea
h one

useful for a 
lass of appli
ations and relates these to sear
h spa
e preservation.

Se
tion 6 gives suÆ
ient 
onditions that are easier to dete
t at run-time than the

de�nitions of independen
e. Se
tion 7 dis
usses the notion of independen
e for CLP

at the solver level and dis
usses additional 
hara
teristi
s required of the solvers,

o�ering some examples. Se
tion 8 extends these results to CLP languages that

provide dynami
 s
heduling. Finally, Se
tion 9 presents our 
on
lusions.

2 INDEPENDENCE FOR PARALLELIZATION IN LOGIC PROGRAMS REVISITED

2.1 Operational Semanti
s of Logi
 Programs

In this se
tion we introdu
e some basi
 
on
epts and notation regarding logi
 pro-

grams. We will follow mainly [Apt 1990; Lloyd 1987℄. Note that we will only

deal with de�nite logi
 programs (also referred to as positive logi
 programs). Also

note that while the math itali
s font will be used for de�nitions and theorems to

represent general obje
ts, the teletype font will be used for representing parti
ular

instan
es of the obje
ts, su
h as those 
oming from an example program.

An atom has the form p(�x) where �x is a sequen
e of distin
t variables and p is a

predi
ate symbol. An equation has the form t = u where t and u are terms. A literal

is an atom or an equation. A 
lause or rule has the form h b

1

; � � � ; b

n

with n � 0,

where h is an atom 
alled the head and b

1

; � � � ; b

n

is a sequen
e of literals 
alled the

body. A program is a set of rules. A goal is a sequen
e of literals. The empty literal

sequen
e is denoted by nil, and often omitted. We let vars(t) denote the set of

variables o

urring in a synta
ti
 expression t. A synta
ti
 expression t is ground

if vars(t) = ;. The lo
al variables of the 
lause h  b

1

; � � � ; b

n

are those variables

appearing in the body but not in the head, i.e., (vars(b

1

)[� � �[vars(b

n

))nvars(h).

A renaming is a bije
tive mapping from variables to variables. We naturally

extend renamings to mappings between synta
ti
 obje
ts. Synta
ti
 obje
ts s and

s

0

are said to be variants if there is a renaming su
h that �(s) � s

0

where � denotes

synta
ti
 equivalen
e.
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The operational semanti
s of logi
 programs is 
ou
hed in terms of substitutions.

A substitution is a (�nite) mapping from variables to terms, and it is represented

as fx

1

=t

1

; � � � ; x

n

=t

n

g. The domain of a substitution � = fx

1

=t

1

; � � � ; x

n

=t

n

g is

denoted by dom(�) and de�ned as fx

1

; � � � ; x

n

g. Its range, is denoted by range(�)

and de�ned as vars(t

1

)[ � � � [ vars(t

n

). A pair x=t is 
alled a binding. We assume

that for ea
h binding x=t in a substitution, x 6� t. The empty substitution is denoted

�. The appli
ation of a substitution � to a synta
ti
 obje
t s is denoted by s� and

it is de�ned to be the synta
ti
 obje
t obtained by repla
ing ea
h variable x in s

by �(x). Composition of substitutions � and � is de�ned as fun
tion 
omposition

and denoted ��, so that for any synta
ti
 obje
t s we have s�� = (s�)�, i.e., �

is applied �rst. A substitution �

0

is more general than �, written � � �

0

, i� there

exists another substitution � su
h that � = �

0

�. A substitution � is idempotent if

�� = �. We shall only be interested in idempotent substitutions.

A variable x is ground with respe
t to a substitution � if �(x) is ground. A set

of variables fx

1

; � � � ; x

n

g are aliased or share with respe
t to a substitution � if

vars(�(x

1

)) \ � � � \ vars(�(x

n

)) 6= ;.

Substitutions are used to represent the solutions to term equations. A substitu-

tion � is a uni�er of an equation e � t = u i� t� � u�. If su
h a uni�er exists, e is said

to be uni�able. A substitution � is a most general uni�er of e i� � is more general

than any other uni�er of e. If e has a most general uni�er, it has an idempotent most

general uni�er. A set of equations fx

1

= t

1

; � � � ; x

n

= t

n

g is in solved form if ea
h

x

i

is a distin
t variable and fx

1

; � � � ; x

n

g is disjoint from vars(t

1

) [ � � � [ vars(t

n

).

The solved form of an equation e is given by a set Solv � fx

1

= t

1

; � � � ; x

n

= t

n

g,

su
h that Solv is in solved form, vars(e) � fx

1

; � � � ; x

n

g and e is equivalent to

the 
onjun
tion of the equations in Solv. Note that all most general uni�ers of an

equation are equivalent and essentially represent the solved form of the equation.

The fun
tion mgu returns an idempotent most general uni�er of a term equation

if it exists. Otherwise it fails.

Logi
 programs are evaluated through a 
ombination of two me
hanisms: re-

pla
ement and uni�
ation. This strategy is named SLD-resolution. The opera-

tional semanti
s of a program P 
an be presented as a transition on states hG; �i,

where G is a goal, and � is a substitution. The semanti
s is parameterized by a


omputation rule and a sear
h rule. A 
omputation rule sele
ts a transition rule

and an appropriate element of G in ea
h state. A sear
h rule sele
ts a given 
lause

of the program. For simpli
ity, we use the standard left-to-right 
omputation rule

and depth �rst sear
h strategy (as used in Prolog).

Let a be an atom and e an equation. The transition rules are as follows. Note

that the 
onditions for applying ea
h of the transition rules are pairwise ex
lusive.

� ha : G; �i ! hB : G; �i if B 2 defn

P

(a);

� ha : G; �i ! fail if defn

P

(a) = ;;

� he : G; �i ! hG; ��

0

i if mgu(e�) = �

0

;

� he : G; �i ! fail if mgu(e�) fails.

We let defn

P

(a) denote the de�nition of atom a in program P . This is the set of

appropriately renamed rule bodies in P whose 
orresponding rule head is a variant
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of a. More exa
tly,

defn

P

(a) = f�

a;h

(B)jh B 2 Pg

where ea
h renaming �

a;h

is 
hosen so that �(h) � a and where the lo
al variables

in B are renamed to new variables never seen before in any other transition step.

A derivation of a state s for a program P is a �nite or in�nite sequen
e of

transitions s

0

! s

1

! � � �, in whi
h s

0

� s. A state from whi
h no transition 
an

be performed is a �nal state. A derivation is su

essful when it is �nite and the

�nal state has the form hnil; �i. A derivation is failed when it is �nite and the �nal

state is fail. The substitution � is said to be a partial answer to state s if there

is a derivation from s to a state hG; �i and it is said to be an answer if hG; �i is a

�nal state (i.e., G � nil).

The maximal derivations of a state 
an be organized into a derivation tree in

whi
h the root of the tree is the start state and the 
hildren of a node are the states

the node 
an redu
e to. The derivation tree for state s and program P , denoted by

tree

P

(s), represents the sear
h spa
e for �nding all answers to s and is unique up to

renaming. Ea
h bran
h of the derivation tree of state s is a derivation of s. Bran
hes


orresponding to su

essful derivations are 
alled su

ess bran
hes, bran
hes 
or-

responding to in�nite derivations are 
alled in�nite bran
hes, and bran
hes 
orre-

sponding to failed derivations are 
alled failure bran
hes.

2.2 Independen
e for Parallelization in Logi
 Programs

This se
tion provides a brief history of the various notions of independen
e devel-

oped in the 
ontext of traditional logi
 programming. Consequently none of the

de�nitions of independen
e in this se
tion are new; rather this review of earlier

work provides the ne
essary ba
kground for our resear
h and allows us to 
larify

our 
ontribution.

The several independen
e notions de�ned in the 
ontext of traditional logi
 pro-

gramming were generally developed for the parti
ular appli
ation of program par-

allelization within the independent and-parallelism model [Conery 1983; DeGroot

1984; Hermenegildo and Rossi 1995℄. This model aims at running in parallel as

many \independent" goals as possible while maintaining 
orre
tness and eÆ
ien
y

with respe
t to the sequential exe
ution where independen
e between goals im-

plies that they have no 
ommuni
ation between them and that they may be run in

di�erent environments.

Corre
tness is guaranteed if the answers obtained during the parallel exe
ution

are equivalent to those obtained during the sequential exe
ution.

EÆ
ien
y is guaranteed if the no \slow-down" property holds, i.e., if the parallel

exe
ution time is guaranteed to be shorter than or equal to the sequential exe
ution

time. This was approximated by requiring that the amount of work performed

for 
omputing the answers during the parallel exe
ution be no more than that

performed in the sequential exe
ution.

In this 
ontext, independen
e refers to the 
onditions that the run-time behavior

of the goals to be run in parallel must satisfy in order to guarantee the 
orre
tness

and eÆ
ien
y of the parallelization with respe
t to the sequential exe
ution.

Assume that we are given the state hg

1

: g

2

: G; �i and wish to exe
ute g

1

and g

2

in parallel (the extension to sequen
es of 
onse
utive goals is straightforward). One
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possible exe
ution model is to

� exe
ute hg

1

; �i and hg

2

; �i in parallel (in di�erent environments) obtaining the

answer substitutions �

1

and �

2

, respe
tively, and

� exe
ute hG; �

1

�

2

i.

This model was intended to be generi
, abstra
ting away from implementation

details su
h as whether memory is shared or not. Where relevant, footnotes will be

used to dis
uss the e�e
t of implementation de
isions.

Note that even though defn

P

is 
alled in di�erent environments during the paral-

lel exe
ution of the goals, it is still assumed that the new variables introdu
ed belong

to disjoint sets. Also, note that the parallel framework 
an be applied re
ursively

within the parallel exe
ution of the goals in order to allow nested parallelism.

1

Two main problems were dete
ted with this exe
ution model.

2

The �rst one,

related to the variable binding 
on
i
t of Conery [1983℄, appears whenever during

the parallel exe
ution of hg

1

; �i and hg

2

; �i the same variable is attempted to be

bound to in
onsistent values. Then, due to the standard de�nition of 
omposition

of substitutions (based on fun
tion 
omposition) given in Lloyd [1987℄, Apt and

van Emden [1982℄, and Apt [1990℄ the answers obtained by the parallel exe
ution


an be di�erent from those obtained by the sequential exe
ution, thus a�e
ting the


orre
tness of the model, as shown in Hermenegildo and Rossi [1995℄.

Example 2.1. Consider the state hp(x) : q(x); �i and the following program:

p(x)  x = a:

q(x)  x = b:

In this 
ase, the sequential exe
ution framework �rst exe
utes hp(x); �i, re-

turning fx/ag and then exe
utes hq(x); fx=agi whi
h is redu
ed to the state fail.

On the other hand, the parallel exe
ution framework exe
utes in parallel hp(x); �i

and hq(x); �i, returning fx/ag and fx/bg, respe
tively. Then, the 
omposition

fx/agfx/bg results in the substitution fx=ag. Thus we obtain a di�erent answer.

4

The se
ond problem is due to the possibility of performing more work in the par-

allel exe
ution than that performed during the sequential exe
ution, thus a�e
ting

the eÆ
ien
y of the model, as pointed out in Hermenegildo and Rossi [1995℄.

1

As de�ned, the exe
ution model only �nds the �rst answer to the goals. Several approa
hes to

ba
ktra
king are possible. One is to avoid ba
ktra
king by 
omputing in parallel all solutions to

hg

0

1

; �i and hg

0

2

; �i, storing them, and then (upon request) providing them in the appropriate order.

However, in most implemented and-parallel systems, initially only the �rst solution to hg

0

1

; �i and

hg

0

2

; �i is 
omputed in parallel. If failure o

urs later during the exe
ution of hG; ��

3

i and it rea
hes

goal g

2

, ba
ktra
king over g

2

is performed as in the sequential model. Only when ba
ktra
king

rea
hes g

1

, 
an this work be again performed in parallel with that of solving g

2

. For generality,

we will assume the se
ond approa
h.

2

A third problem was also dete
ted in Hermenegildo and Rossi [1995℄ whenever the goal to the

left (g

1

in the above model) has no answers, sin
e then the amount of work performed by the

parallel exe
ution may be greater than that performed by the sequential exe
ution; thus, the no

slow-down property may not hold. However, this problem was solved outside the s
ope of the

theoreti
al model by assuming that the pro
essor exe
uting su
h goal is able to kill the pro
essors

exe
uting the goals to the right (g

2

above), and that this pro
essor has a higher priority than

those exe
uting goals to the right.
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Example 2.2. Consider the state hp(x) : q(x); �i and the following program:

p(x)  x = a:

q(x)  x = b; pro
; x = 
:

where pro
 is very 
ostly to exe
ute. Both the sequential and parallel exe
ution

will fail, but their eÆ
ien
y is quite di�erent. While the sequential exe
ution fails

before exe
uting pro
, the parallel exe
ution will �rst exe
ute pro
 and then fail.

4

The �rst solution proposed to solve these two problems was to only allow goals

to be run in parallel if they do not share variables with respe
t to the 
urrent

substitution [Conery 1983℄. This was formally de�ned in Hermenegildo and Rossi

[1995℄ as follows (and 
alled \stri
t independen
e"):

De�nition 2.3 [Hermenegildo and Rossi 1995℄. Two goals g

1

and g

2

are said

to be stri
tly independent with respe
t to a given substitution � i�

vars(g

1

�) \ vars(g

2

�) = ;:

A 
olle
tion of goals is said to be stri
tly independent for a given � i� they are

pairwise stri
tly independent for �. Also, a 
olle
tion of goals is said to be stri
tly

independent for a set of substitutions � i� they are stri
tly independent for ea
h

� 2 �. Finally, a 
olle
tion of goals is said to be simply stri
tly independent i�

they are stri
tly independent for the set of all possible substitutions. 4

The same de�nition 
an be applied to terms without any 
hange. The authors of

Hermenegildo and Rossi [1995℄ proved that if goals g

1

and g

2

are stri
tly indepen-

dent with respe
t to a given substitution �, then the parallel exe
ution of hg

1

; �i

and hg

2

; �i obtains the same answers as those obtained by the sequential exe
ution

of hg

1

: g

2

; �i, and, in the absen
e of failure, parallel exe
ution does not introdu
e

any new work.

This suÆ
ient 
ondition is quite restri
tive, signi�
antly limiting the number of

goals that may be exe
uted in parallel. However, as pointed out in Hermenegildo

and Rossi [1995℄, it has a very useful 
hara
teristi
: stri
t independen
e is an a

priori 
ondition (i.e., it 
an be tested at run-time before exe
uting the goals).

Due to the restri
tive nature of stri
t independen
e, there have been several

attempts to identify more general suÆ
ient 
onditions. The intuition behind su
h

generalizations is that goals sharing variables 
ould still be run in parallel when the

bindings established for those shared variables satisfy 
ertain 
hara
teristi
s. This

was informally dis
ussed in DeGroot [1984℄, Warren et al. [1988℄, and Winsborough

and Waern [1988℄, re�ned and formally de�ned in Hermenegildo and Rossi [1995℄

as follows:

De�nition 2.4 [Hermenegildo and Rossi 1995℄. A binding x=t is 
alled a v-

binding if t is a variable, otherwise it is 
alled an nv-binding.4

De�nition 2.5 [Hermenegildo and Rossi 1995℄. Consider a 
olle
tion of goals

g

1

; : : : ; g

n

and a substitution �. Consider also the set of shared variables

SH = fv j 9i; j; 1 � i; j � n; i 6= j; v 2 (var(g

i

�) \ var(g

j

�))g
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and the set of goals 
ontaining ea
h shared variable

G(v) = fg

i

� j v 2 var(g

i

�); v 2 SHg:

Let �

i

be any answer substitution to g

i

�. The given 
olle
tion of goals is non stri
tly

independent for � if the following 
onditions are satis�ed:

� 8v 2 SH , at most the rightmost g 2 G(v), say g

j

�, nv-binds v in any �

j

;

� for ea
h g

i

� (ex
ept the rightmost) 
ontaining more than one variable of SH , say

v

1

; : : : ; v

k

, then v

1

�

i

; : : : ; v

k

�

i

are stri
tly independent.4

Intuitively, the �rst 
ondition above requires that at most one goal further instan-

tiate a shared variable. The se
ond 
ondition eliminates the possibility of 
reating

aliases (of di�erent shared variables) during the exe
ution of one of the parallel

goals whi
h might a�e
t goals to the right.

At this point it was noti
ed that, due to the de�nition of the 
omposition of

substitutions, in
orre
t answers 
ould be obtained even when there was no variable

binding 
on
i
t for the shared variables.

Example 2.6. Consider the state hp(x; y) : q(y); �i and the program:

p(x; y)  x = z; y = z:

q(x)  x = a:

It is easy to 
he
k that p(x,y) and q(y) are non stri
tly independent for

�. However, if we run hp(x; y); �i we might obtain �

p

= fx=z; y=zg. If we now

exe
ute hq(y); �

p

i we obtain the substitution � = fx=a; y=a; z=ag. If, instead

we exe
ute hq(y); �i we obtain �

q

= fy=ag, thus ending with their 
omposition

�

p

�

q

= fx=z; y=zg as the �nal substitution. This answer is obviously di�erent from

the � obtained by the sequential exe
ution, and so is an in
orre
t result. 4

As noti
ed in Hermenegildo and Rossi [1995℄, this 
ould be solved by de�ning a

\parallel 
omposition" whi
h avoids these problems. Sin
e there is a natural bi-

je
tion between substitutions and sets of equations in solved form, su
h parallel


omposition was de�ned in terms of \solving" the equations asso
iated with the

substitutions being 
omposed. However, at that time adopting a new de�nition of


omposition would have required a revision of well-known results in logi
 program-

ming, whi
h rely on the standard de�nition. As a result, the authors adopted a

di�erent solution whi
h involved a renaming transformation. Informally, the renam-

ing transformation of two goals g

1

and g

2

for a substitution �, involves applying the

substitution to both goals, eliminating any shared variables in the resulting goals

by renaming all their o

urren
es (so that no two o

urren
es in di�erent goals

have the same name), and adding some equations to reestablish the lost links (for

a formal de�nition see Hermenegildo and Rossi [1995℄).

Example 2.7. Consider the 
olle
tion of goals (r(x; z; x); s(x;w; z); p(x; y); q(y))

in some state (we 
onsider � already applied to the goals). A

ording to the re-

naming transformation de�nition, we rewrite this to

r(x; z; x); s(x

0

; w; z

0

); p(x

00

; y); q(y

0

); x = x

0

; x = x

00

; y = y

0

; z = z

0

:4
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Note that the �rst goal always remains un
hanged. Equations of the form x = x

0

above were 
alled \ba
k-bindings" (denoted by BB) and are related to the ba
k-

uni�
ation goals de�ned in Kal�e [1987℄, and the 
losed environment 
on
ept of

Conery [1987℄. In this 
ontext, the parallel framework des
ribed above was rede�ned

as follows:

Assume that given the state hg

1

: g

2

: G; �i we want to exe
ute g

1

and g

2

in

parallel. Then, the exe
ution s
heme was de�ned as follows:

� apply the renaming transformation to g

1

�; g

2

� obtaining g

0

i

; g

0

j

; BB,

� exe
ute hg

0

1

; �i and hg

0

2

; �i in parallel (in di�erent environments) obtaining the

answer substitutions �

1

and �

2

respe
tively,

� exe
ute hBB; �

1

�

2

i obtaining the answer substitution �

3

,

� exe
ute hG; ��

3

i.

As before, it is assumed that the new variables introdu
ed during the renaming

steps in the parallel exe
ution belong to disjoint sets.

On
e the parallel framework was rede�ned, the notions of 
orre
tness and ef-

�
ien
y were also re
onsidered. Corre
tness was not a signi�
ant problem sin
e,

in general, the answers provided by the parallel exe
utions were the same (up to

renaming) as the answers obtained in the sequential exe
ution. Only a new in�nite

derivation in the exe
ution of hg

0

2

; �i would yield a 
hange. However, sin
e this was

a parti
ular 
ase in whi
h eÆ
ien
y was also a�e
ted, the 
orre
tness problem was

ignored in the knowledge that if eÆ
ien
y was a
hieved this 
ase 
ould not happen,

and therefore 
orre
tness would also be ensured.

Possible ineÆ
ien
y was assumed to 
ome from two sour
es. Firstly, due to a

larger bran
h in the derivation tree asso
iated with the parallel exe
ution of hg

0

2

; �i,

sin
e su
h a tree would obviously imply more work. This was the point in whi
h the

notion of sear
h spa
e preservation was introdu
ed. Unfortunately, this notion was

never formally de�ned, the intuitive idea given for the preservation of the sear
h

spa
e being the following: the sear
h spa
e of two states are the same if their

asso
iated derivation trees have the same \shape" [Hermenegildo and Rossi 1995℄.

This 
on
ept was later (in some sense erroneously) identi�ed with the preservation

of the number of non failure nodes in the respe
tive derivation trees. The se
ond

sour
e of ineÆ
ien
y was a failure when exe
uting the ba
k-bindings, sin
e this

would again in
rease the work (ba
ktra
king, �nding another answer, et
). Initially,


on
entrating on the su

ess of the ba
k-bindings introdu
ed some 
onfusion, sin
e

it was easy to believe that if su
h bindings always su

eed then the eÆ
ien
y (and

thus the 
orre
tness) of the parallel model was ensured. However, as pointed out in

Hermenegildo and Rossi [1995℄, this does not ensure the preservation of the amount

of work in failed derivations.

It is 
lear from the above dis
ussion that the work developed in Hermenegildo and

Rossi [1995℄ provided the basi
 results for logi
 programming. However, the de�-

nitions and proofs used are quite 
omplex due to the introdu
tion of the renaming

transformation. In the next se
tion we will generalize independen
e, sear
h spa
e

preservation, and the parallel exe
ution model to the 
onstraint logi
 programming


ontext. Somewhat surprisingly, we shall see that our generalization provides a

more intuitive formalization of independen
e in the logi
 programming setting. In
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parti
ular we will avoid using the renaming transformation, and we will be able to

prove that the independen
e notions are not only suÆ
ient but also ne
essary for

ensuring 
orre
tness and eÆ
ien
y.

3 A PARALLEL EXECUTION MODEL FOR CONSTRAINT LOGIC PROGRAMS

In this se
tion we generalize the standard logi
 programming parallel exe
ution

model to the more general 
ontext of 
onstraint logi
 programming (CLP), 
larify

what it means for parallel exe
ution of goals to be 
orre
t and eÆ
ient with re-

spe
t to the standard sequential evaluation of CLP, and formalize the 
on
ept of

sear
h spa
e preservation as a ne
essary and suÆ
ient 
ondition for 
orre
tness and

eÆ
ien
y.

3.1 CLP Operational Semanti
s

First we revise the CLP s
heme and the standard CLP operational semanti
s. In

doing this, we will follow mainly Ja�ar and Lassez [1987℄ and Ja�ar and Maher

[1994℄. The interested reader should 
onsult Ja�ar and Maher [1994℄ for a more

formal and more detailed a

ount, as well as for the assumptions that are usually

made about the 
onstraint domain.

A primitive 
onstraint has the form p(

�

t) where

�

t is a sequen
e of arguments

and p is a 
onstraint predi
ate symbol. A 
onstraint is a 
onjun
tion of primitive


onstraints. The empty 
onstraint is denoted �. A literal is an atom or a primi-

tive 
onstraint. The de�nitions of atom, rule, goal, and program are the natural

generalization of those given earlier for logi
 programs.

CLP languages are parametrized by the allowed 
onstants, fun
tions, and 
on-

straint predi
ate symbols. These, together with their interpretation, 
onstitute the

underlying 
onstraint domain. For example, standard Prolog 
an be viewed as a

CLP language in whi
h term equations, interpreted over the �nite trees, form the


onstraint domain. As another example, the CLP language CLP(<) [Ja�ar and

Mi
haylov 1987℄ extends Prolog by also providing the standard arithmeti
 
on-

straints interpreted over the real numbers.

Let 9

��x

� denote the existential 
losure of the formula � ex
ept for the variables

�x and

~

9� denote the full existential 
losure of �.

The operational semanti
s is parametri
 in the 
onstraint solving fun
tion,


onsistent, whi
h tests the 
onsisten
y of a 
onstraint. That is, it returns true if the


onstraint is satis�able, and false otherwise. For simpli
ity, we have assumed that

the 
onsisten
y test implemented by the 
onstraint solver is 
omplete. This allows

us to treat 
onstraints as logi
al formulae, and thus relate them by impli
ation, log-

i
al equivalen
e, et
. However, our results 
ontinue to hold for in
omplete solvers.

In this 
ase we just 
onsider 
onstraints as sets of (possibly delayed) primitive


onstraints and substitute 
onjun
tion by union, logi
al equivalen
e by synta
ti


equivalen
e, and impli
ation by the subset relationship.

The operational semanti
s for CLP is very similar to that given earlier for logi


programs. The main di�eren
e is that the substitution is repla
ed by a 
onstraint

store whi
h 
olle
ts the primitive 
onstraints en
ountered so far, and the 
all to

mgu is repla
ed by a 
all to the 
onstraint solving fun
tion.

The operational semanti
s is therefore a transition system on states of the form

hG; 
i where G is a sequen
e of literals, and 
 is the 
onstraint store. As before we
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also allow the state fail. Let a denote an atom and 


0

a 
onstraint. The transition

rules are

� ha : G; 
i !

r

hB :: G; 
i if B 2 defn

P

(a);

� ha : G; 
i !

rf

fail if defn

P

(a) = ;;

� h


0

: G; 
i !




hG; 
 ^ 


0

i if 
onsistent(
 ^ 


0

) holds;

� h


0

: G; 
i !


f

fail if 
onsistent(
 ^ 


0

) does not hold.

The de�nition of derivations, �nal states, su

essful and failed derivations, deriva-

tion trees, and su

ess, in�nite, and failure bran
hes is a straightforward modi�
a-

tion of those for logi
 programs. The 
onstraint 
 is said to be a partial answer to

state s if there is a derivation from s to a state hG; 
i, and it is said to be an answer

if hG; 
i is a �nal state (i.e., G � nil). We denote the set of answers to state s for

program P by ans

P

(s) and the partial answers by pans

P

(s).

3.2 A Model for the Parallel Exe
ution of CLP

We will primarily be 
on
erned with investigating independen
e from the viewpoint

of parallelization. A ne
essary �rst step, therefore, is to generalize the parallel

exe
ution model given earlier for logi
 programs to CLP. Assume that we are given

the state hg

1

: g

2

: G; 
i and wish to exe
ute g

1

and g

2

in parallel (the extension to

more than two goals is straightforward). Our exe
ution s
heme is the following:

3

� exe
ute hg

1

; 
i and hg

2

; 
i in parallel (in di�erent environments) obtaining the

answer 
onstraints 


1

and 


r

respe
tively,

� obtain 


s

as the 
onjun
tion of 


1

^ 


r

,

� exe
ute hG; 


s

i.

Note that our parallel exe
ution model is also intended to be generi
, abstra
ting

away from implementation details. We will again use footnotes to dis
uss the e�e
t

of implementation de
isions. Also as before, we assume that the new variables

introdu
ed by defn

P

during the parallel exe
ution of the goals belong to disjoint

sets.

The main di�eren
e between the parallel framework for LP and ours is that we

repla
e substitution 
omposition by 
onjun
tion. Indeed 
onstraint 
onjun
tion


orresponds exa
tly with the \parallel 
omposition" needed in Hermenegildo and

Rossi [1995℄. What in the logi
 programming 
ontext would imply a re
onsideration

of the standard theory and results 
omes essentially for free with CLP. Therefore,

we 
an avoid the need for the renaming transformation.

We must now formally de�ne what it means for the parallel model to be 
orre
t

and eÆ
ient with respe
t to the sequential one. It is easy to see that the only di�er-

en
e between these two models is that in the sequential model g

2

is exe
uted with

the 
onstraint store 


1


orresponding to some answer to hg

1

; 
i, while in the parallel

model g

2

is exe
uted with the 
onstraint store 
. Thus, we 
an base 
orre
tness and

eÆ
ien
y on the relationship between the exe
ution of states hg

2

; 
i and hg

2

; 


1

i, for

ea
h 


1


omputed.

3

The subs
ript \s" will be asso
iated to the arguments of the states obtained during the sequential

exe
ution. The subs
ript \r" will be asso
iated to the arguments of the states obtained during

the parallel exe
ution of g

2

(the goal to the right).
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The obvious de�nition of 
orre
tness, 
orresponding to that used for logi
 pro-

gramming, is that exe
ution of hg

2

; 
i and hg

2

; 


1

i give rise to equivalent sets of

answers.

De�nition 3.1. Let s be the state hg

1

: g

2

: G; 
i and P be a program. The

parallel exe
ution of g

1

and g

2

is 
orre
t i� for every 


1

2 ans

P

(hg

1

; 
i) there

exists a renaming � su
h that �(s) � s, and a bije
tion whi
h assigns to ea
h




s

2 ans

P

(hg

2

; 


1

i) an answer 


r

2 �(ans

P

(hg

2

; 
i)) with 


s

$ (


1

^ 


r

). 4

However, this notion of 
orre
tness has two weaknesses. First, it does not ensure

that answers are returned in the same order. This is desirable when parallelizing

a program, sin
e it guarantees that the order intended by the programmer is pre-

served. Se
ond, it does not 
apture that su

essful derivations to the right of an

in�nite bran
h will never be explored. Thus we will also 
onsider a more \opera-

tional" view of 
orre
tness.

Let optree

P

(s) be the tree obtained from the derivation tree of s by removing all

nodes to the right of the �rst in�nite bran
h in the tree, and let opans

P

(s) be the

sequen
e of answers obtained in the in-order traversal of optree

P

(s).

De�nition 3.2. Let s be the state hg

1

: g

2

: G; 
i and P be a program. The

parallel exe
ution of g

1

and g

2

is operationally 
orre
t i� for every 


1

2 ans

P

(hg

1

; 
i),

the sequen
es opans

P

(hg

2

; 


1

i) and opans

P

(hg

2

; 
i) have the same length and there

exists a renaming � su
h that �(s) � s, and for all i, if 


s

is the ith answer in

opans

P

(hg

2

; 


1

i) and 


r

is the ith answer in �(opans

P

(hg

2

; 
i)), then 


s

$ (


1

^ 


r

).

4

EÆ
ien
y only requires that, in absen
e of failure (i.e., when g

1

has at least one

answer), the amount of work performed by the se
ond goal g

2

in the parallel model

is less than or equal to that performed in the sequential model. We will not take

into a

ount the amount of work performed in 
onjoining the answers obtained

from the parallel exe
ution, sin
e the 
ost of this is 
onsidered to be one of the

overheads asso
iated with the parallel exe
ution (as 
reation of pro
esses or tasks,

s
heduling, et
.).

4

Also, we will assume for the moment that the 
ost of the appli
ation of ea
h

transition rule is 
onstant and independent of the type of transition applied. Let

TR be the set of di�erent transition rules that 
an be applied. Let s be a state

and N(i; s) be the number of times in whi
h a parti
ular transition rule i 2 TR

has been applied in tree

P

(s). Let K

i

be the 
ost of applying a parti
ular transition

rule i 2 TR, and assume that su
h 
ost is always greater than zero.

De�nition 3.3. The 
ost of evaluating state s, written 
ost(s), is

X

i2TR

K

i

�N(i; s):

De�nition 3.4. Let hg

1

: g

2

: G; 
i be a state and P be a program. The parallel

4

And, in fa
t, in shared memory ma
hines this step is performed on the 
y, at minimal 
ost, sin
e

the goals are generally run in a shared environment.
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exe
ution of g

1

and g

2

is eÆ
ient i� for every 


1

2 ans

P

(hg

1

; 
i),

5


ost(hg

2

; 
i) � 
ost(hg

2

; 


1

i):4

4 SEARCH SPACE PRESERVATION

We will now identify independen
e 
onditions for goals whi
h will ensure that par-

allel exe
ution of the goals is 
orre
t and eÆ
ient. As a �rst step in this quest

to identify independen
e 
onditions, we shall formalize sear
h spa
e preservation

and 
larify its relationship with 
orre
tness and eÆ
ien
y of the parallel exe
u-

tion. Sear
h spa
e preservation allows us to understand 
orre
tness and eÆ
ien
y

in terms of derivation trees.

We assume that nodes in a derivation tree are labeled with their path, i.e., they

are labeled with a unique identi�er obtained by 
on
atenating the relative position

of the node among its siblings to the path of the parent node. We also assume that

some pre-de�ned order is assigned to the bodies in defn

P

(a), and that this order is

inherited by the asso
iated 
hild nodes.

De�nition 4.1. Two nodes n and n

0

in the derivation trees of states s and s

0

,

respe
tively, with the same path 
orrespond i� either they are the roots of the tree

(i.e., n � s and n

0

� s

0

) or they have been obtained by applying the same transition

rules.4

De�nition 4.2. States s and s

0

have the same sear
h spa
e for program P i� there

exists a (total) bije
tion whi
h assigns to ea
h node in tree

P

(s) its 
orresponding

node in tree

P

(s

0

). They have the same operational sear
h spa
e for program P

i� there exists a (total) bije
tion whi
h assigns to ea
h node in optree

P

(s) its


orresponding node in optree

P

(s

0

).4

We �rst show that sear
h spa
e preservation is suÆ
ient for ensuring 
orre
tness

and eÆ
ien
y. That is to say, that given a state hg

1

: g

2

: G; 
i and a program P , the

parallel exe
ution of g

1

and g

2

is 
orre
t and eÆ
ient if, for every 


1

2 ans

P

(hg

1

; 
i),

the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same as for P . Ensuring eÆ
ien
y

is straightforward due to the de�nition of sear
h spa
e, whi
h provides a bije
tion

among the same transitions. The proof of 
orre
tness is a little more 
omplex and

relies on the following two lemmas whi
h relate the derivation trees for states with

the same goal but with di�erent 
onstraints.

Intuitively, the following lemma guarantees that for states with the same goal,

and in the absen
e of failure, the goals asso
iated to nodes with the same path in

di�erent derivation trees (possibly starting from di�erent initial 
onstraints) must

be identi
al up to renaming.

5

If we 
onsider a model in whi
h, during the parallel exe
ution, all solutions to the parallel goals

are 
omputed, the 
ondition above 
an be relaxed: we 
an just require the 
ost of exe
uting

hg

2

; 
i multiplied by the number of answers in ans

P

(hg

1

; 
i), to be less than or equal to the sum

of the 
ost of exe
uting hg

2

; 


1

i, for ea
h answer 


1

2 ans

P

(hg

1

; 
i). Furthermore, if after the

parallel exe
ution the parallel goals share their environments, the above de�nition 
ould have

been spe
ialized so that only the amount of work up to the �rst solution for hg

2

; 
i and hg

2

; 


1

i

(for ea
h 


1

) is taken into a

ount, sin
e the rest are explored in the same environment as the

sequential one.
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Lemma 4.3. Let hG; 


1

i and hG; 


2

i be two states and P a program. There exists

a renaming 
 su
h that

� for every two non failure nodes hG

0

1

; 


0

1

i and hG

0

2

; 


0

2

i with the same path in

tree

P

(hG; 


1

i) and tree

P

(hG; 


2

i), respe
tively, G

0

1

� 
(G

0

2

);

� 
(G) = G, 
(


1

) = 


1

and 
(


2

) = 


2

;

� 
 is its own inverse.4

Proof. The proof is by indu
tion over the non failure nodes n

0

; :::; n

k

in the tree

tree

P

(hG

1

; 


1

i) su
h that for ea
h of these nodes, n

i

say, there is a non failure node

n

0

i

in tree

P

(hG; 


1

i) with the same path as n

i

. Without loss of generality, we 
an

assume that all nodes 
ome after their parent in the sequen
e. We shall indu
tively

de�ne renamings 


0

; :::; 


k

su
h that 


i

satis�es the two 
onditions in the lemma

statement for nodes n

0

; :::; n

i

respe
tively.

The base 
ase for the indu
tion argument is for n

0

. As a result, n

0

and n

0

0

must

be the roots of their trees, i.e., n

0

� hG; 


1

i and n

0

0

� hG; 


2

i. Choosing 


0

to be

the identity renaming 
learly satis�es the indu
tion hypothesis.

Now, 
onsider the nodes n

k

� hG

k

; 


k

i and n

0

k

� hG

0

k

; 


0

k

i. Sin
e the parent of

n

k

and that of n

0

k

must be non failure nodes (from the de�nition of the operational

semanti
s only non failure nodes 
an have 
hildren) and must have the same path,

they o

ur in the indu
tion sequen
e of nodes. Let their parents be n

p

� hG

p

; 


p

i

and n

0

p

� hG

0

p

; 


0

p

i, respe
tively. Now, sin
e p < k, we have from the indu
tion

hypothesis that

G

p

� 


k�1

(G

0

p

): (1)

By assumption, n

k

and n

0

k

are non failure nodes, and by de�nition of the operational

semanti
s, non failure nodes 
an only be obtained by a !




transition or by a !

r

transition.

If n

k

was obtained by a !




transition, then the leftmost literal in G

p

is a 
on-

straint. From (1), the leftmost literal in G

0

p

must also be a 
onstraint, and therefore

G

0

k

was obtained from G

0

p

also using a !




transition. From the de�nition of the

!

r

transition and (1), it follows that G

k

� 


k�1

(G

0

k

). Thus, we 
an 
hoose 


k

to

be 


k�1

.

On the other hand, if n

k

was obtained by a !

r

transition, then the leftmost

literal in G

p

is an atom, say h. Analogously to above, from (1), the leftmost literal

in G

0

p

must also be a variant of h, say h

0

, and so G

0

k

was obtained from G

0

p

also

using a !




transition. Sin
e rules are applied in order and the nodes n

k

and n

0

K

have the same path, G

k

and G

0

k

must have been obtained using renamings � and

�

0

, respe
tively, of the same program rule h

P

 B

P

. De�ne the renaming �

lo
al

by

�

lo
al

(x) =

8

<

:

�

0

(�

�1

(x)) if x 2 vars(�(B

P

)) n vars(h)

�(�

0�1

(x)) if x 2 vars(�

0

(B

P

)) n vars(h

0

)

x otherwise.

�

lo
al

maps ea
h lo
al variable in �(B

P

) to the 
orresponding lo
al variable in

�

0

(B

P

) and vi
e versa. Note that sin
e defn

P

always renames lo
al variables to

distin
t new variables, the lo
al variables in �

0

(B

P

) and �(B

P

) are distin
t and do

not o

ur in nodes n

1

; :::; n

k

or n

0

1

; :::; n

0

k

. By 
onstru
tion, 


k

= 


k�1

Æ �

lo
al

is a
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renaming. Furthermore, for i = 1; :::; k � 1, 


k

(n

0

i

) = 


k�1

(n

0

i

) and for n

k

,




k

(G

0

k

) = 


k

(�

0

(B

P

) : G

0

p

n h

0

) = �(B

P

) : 


k�1

(G

0

p

n h

0

) = G

k

sin
e for ea
h lo
al variable x in B

p

,




k

(�

0

(x)) = �

lo
al

(�

0

(x)) = �(x)

and for ea
h non lo
al variable x in B

P

,




k

(�

0

(x)) = 


k�1

(�

0

(x)) = �(x)

as 


k�1

(h

0

) = h. By 
onstru
tion, �

lo
al

is its own inverse. Furthermore, 


k

=




k�1

Æ�

lo
al

= �

lo
al

Æ


k�1

, sin
e �

lo
al

and 


k�1

only a�e
t disjoint sets of variables.

It follows that 


k

is its own inverse Thus, 


k

satis�es the indu
tion argument.

We note that the �rst 
ondition of Lemma 4.3 
an also be equivalently expressed

as: for every two non failure nodes hG

0

1

; 


0

1

i and hG

0

2

; 


0

2

i with the same path in

tree

P

(hG; 


1

i) and 
(tree

P

(hG; 


2

i)), respe
tively, G

0

1

� G

0

2

. We will make use of

this alternative formulation when 
onvenient.

The renaming 
 
onstru
ted in the proof of the pre
eding lemma allows us to map

nodes from tree

P

(hG; 


2

i) to tree

P

(hG; 


1

i) by taking into a

ount the e�e
t of lo
al

variable renamings performed in the operational semanti
s with 
alls to defn

P

. We


all 
 the lo
al variable 
orre
ting renaming for tree

P

(hG; 


1

i) and tree

P

(hG; 


2

i).

When fo
using on parallelism, the above lemma guarantees that, in absen
e of

failure, the goals asso
iated with every two nodes with the same path in the parallel

and sequential exe
ution, respe
tively, are identi
al up to renaming by the lo
al

variable 
orre
ting renaming 
. As a result, it is easy to prove the following lemma

whi
h shows that for non failure nodes the 
onstraint obtained during the sequential

exe
ution (


s

) is equivalent to the 
onjun
tion of the 
onstraints obtained during

the parallel exe
utions (


1

and 


r

).

Lemma 4.4. Let hg

2

; 


1

i and hg

2

; 
i be two states with 


1

! 
 and P be a pro-

gram. For every two non failure nodes s � hG

s

; 


s

i and r � hG

r

; 


r

i with the same

path in tree

P

(hg

2

; 


1

i) and 
(tree

P

(hg

2

; 
i)), respe
tively, 


s

$ (


1

^ 


r

), where 
 is

the the lo
al variable 
orre
ting renaming for tree

P

(hg

2

; 


1

i) and tree

P

(hg

2

; 


2

i).4

Proof. By de�nition of the operational semanti
s, all parent nodes of a given

node are known to be non failure. By Lemma 4.3, the sequen
es of literals of all

parents of s are identi
al to those of all parents of r with the same path. This

means that the 
onstraints added to 


1

and to 
, yielding 


s

and 


r

respe
tively,

have been the same. Sin
e by assumption 


1

! 
, and therefore 


1

$ 


1

^ 
, it is


lear that 


s

$ 


1

^ 


r

.

The above lemma and the fa
t that sear
h spa
e preservation implies a bije
tion

among answers, allow us to prove that sear
h spa
e preservation is suÆ
ient for

ensuring the 
orre
tness of the parallel exe
ution, and thus the following results:

Theorem 4.5. Let hg

1

: g

2

: G; 
i be a state and P a program. The parallel

exe
ution of g

1

and g

2

is 
orre
t and eÆ
ient if for every 


1

2 ans

P

(hg

1

; 
i), the

sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same for P .4
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Proof. By de�nition of sear
h spa
e preservation, there exists a bije
tion whi
h

assigns to every �nal state r � hG

r

; 


r

i in tree

P

(hg

2

; 
i) a �nal state s � hG

s

; 


s

i

with the same path in tree

P

(hg

2

; 


1

i), thus establishing a bije
tion among the an-

swers. By Lemma 4.3, there exists a renaming 
 for initial states hg

2

; 


1

i and hg

2

; 
i

su
h that G

s

� 
(G

r

). Also, sin
e 


1

2 ans

P

(hg

1

; 
i) we know that 


1

! 
. Thus,

by Lemma 4.4, 


s

$ 


1

^ 
(


r

), and we have proved 
orre
tness.

Let us now prove eÆ
ien
y. By de�nition of sear
h spa
e preservation, there

exists a bije
tion among every node in tree

P

(hg

2

; 
i) and a node with the same

path in tree

P

(hg

2

; 


1

i) whi
h is obtained with the same transition rule. Thus, for

ea
h i 2 TR : N(i; hg

2

; 
i) = N(i; hg

2

; 


1

i). As a result, for every 


1

:

P

i2TR

K

i

�

N(i; hg

2

; 
i) =

P

i2TR

K

i

�N(i; hg

2

; 


1

i), i.e., 
ost(hg

2

; 
i) = 
ost(hg

2

; 


1

i). We have

thus proved eÆ
ien
y.

Using a similar proof it is straightforward to show that:

Theorem 4.6. Let hg

1

: g

2

: G; 
i be a state and P a program. The parallel

exe
ution of g

1

and g

2

is operationally 
orre
t and eÆ
ient if for every 


1

2

ans

P

(hg

1

; 
i), the operational sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same for

P .4

It is easy to see that sear
h spa
e preservation is not ne
essary for ensuring 
or-

re
tness, sin
e 
orre
tness is not a�e
ted by sear
h spa
e 
hanges in either failure or

in�nite bran
hes. However, we 
an show that sear
h spa
e preservation is ne
essary

for ensuring that both 
orre
tness and eÆ
ien
y hold. The following two lemmas

are instrumental in proving this, sin
e they show that the only way in whi
h the

sear
h spa
es of hg

2

; 


1

i and hg

2

; 
i, with 


1

! 
, 
an be di�erent for a program P ,

is if a bran
h in tree

P

(hg

2

; 
i) does not appear in tree

P

(hg

2

; 


1

i).

Lemma 4.7. Let hg

2

; 


1

i and hg

2

; 
i be two states su
h that 


1

! 
. Let P be a

program. Then, for every two nodes s and r with the same path in tree

P

(hg

2

; 


1

i)

and tree

P

(hg

2

; 
i), respe
tively, s and r have been obtained with the same transition

rule i� either s � r � fail or they are both non failure nodes.4

Proof. Let us �rst assume that s and r have been obtained by the same transi-

tion rule. Then, by de�nition of the operational semanti
s, either both are identi
al

to fail or both are non failure. For proving the other dire
tion let s

0

and r

0

be the

parents of s and r, respe
tively. By de�nition of the operational semanti
s we know

that s

0

and r

0

are non failure nodes. Thus, by Lemma 4.3, if the leftmost literal

in the sequen
e of literals in s

0

is an atom (resp. 
onstraint) then the leftmost

literal in the sequen
e of literals in r

0

must be a variant of the same atom (resp.


onstraint). Then, by de�nition of the operational semanti
s, if s � r � fail they

must have been obtained by applying !

rf

(leftmost literal is an atom) or !


f

(leftmost literal is a 
onstraint), and if they are both non failure nodes, they must

have been obtained by applying !

r

(leftmost literal is an atom) or !




(leftmost

literal is a 
onstraint).

Lemma 4.8. Let hg

2

; 


1

i and hg

2

; 
i be two states su
h that 


1

! 
 and the

sear
h spa
es of hg

2

; 


1

i and hg

2

; 
i are di�erent for program P . Then, there exists

a bije
tion whi
h assigns to ea
h node s in tree

P

(hg

2

; 


1

i) for whi
h there is no


orresponding node in tree

P

(hg

2

; 
i), a node r in tree

P

(hg

2

; 
i) with the same path,
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su
h that s and r have been obtained applying the !


f

and !




transition rule,

respe
tively, and the parents of s and r 
orrespond.4

Proof. Let us assume that s is the �rst node in its bran
h for whi
h there is

no 
orresponding node. Let s

0

be the parent of s. By de�nition of the operational

semanti
s s

0

is non failure, say s

0

� hG

0

s

; 


0

s

i. By assumption, s

0

has a 
orresponding

node r

0

with the same path in tree

P

(hg

2

; 
i). By Lemma 4.7, r

0

must also be non

failure, say r

0

� hG

0

r

; 


0

r

i. By Lemma 4.3, G

0

s

� 
(G

0

r

) where 
 is the the lo
al

variable 
orre
ting renaming for tree

P

(hg

2

; 


1

i) and tree

P

(hg

2

; 
i). We note that

the �rst literal in G

0

s


annot be an atom. If so, s must have been obtained by

applying either !

r

or !

rf

and so r

0

must have a 
hild r obtained using !

r

or

!

rf

, respe
tively. This would mean that r 
orresponds to s 
ontradi
ting the

assumption that s has no 
orresponding node. As the �rst literal in G

0

s

must be a


onstraint, r

0

has a single 
hild r obtained by using either !




or !


f

. Clearly r

has the same path as s. Now if s has been obtained by applying the !




transition

rule, then 
onsistent(


0

s

^ 


0

) must hold. However, by Lemma 4.4 


0

s

$ 


0

1

^ 
(


0

r

).

Therefore, 
onsistent(


0

^ 
(


0

r

)) must also hold, and thus r must also be obtained

by applying the !




rule. But this 
ontradi
ts the assumption that r and s do not


orrespond. The only possibility is that while 
onsistent(


0

s

^ 


0

) does not hold,


onsistent(


0

^ 
(


0

r

)) holds. Thus, s and r must have been obtained by applying

the !


f

and !




transition rules, respe
tively.

It follows from the above lemmas that, for ea
h two states hg

2

; 


1

i and hg

2

; 
i su
h

that 


1

! 
, all non failure nodes in the tree of hg

2

; 


1

i 
orrespond with the nodes

with the same path in the tree of hg

2

; 
i. Failure nodes will also 
orrespond unless a

longer bran
h is obtained in hg

2

; 
i due to the less 
onstrained store. However, the

assumption of eÆ
ien
y ensures that su
h long bran
hes do not exist. Thus, sear
h

spa
e preservation is ne
essary to ensure eÆ
ien
y and the following theorems hold:

Theorem 4.9. Let hg

1

: g

2

: G; 
i be a state and P a program. The parallel

exe
ution of g

1

and g

2

is 
orre
t and eÆ
ient i� for every 


1

2 ans

P

(hg

1

; 
i) the

sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same for P .4

Proof. Sin
e we have already proved that sear
h spa
e preservation is suÆ
ient,

let us fo
us on the ne
essary 
ondition. Let us reason by 
ontradi
tion and assume

that the parallel exe
ution is 
orre
t and eÆ
ient but there exists at least one




1

2 ans

P

(hg

1

; 
i) for whi
h the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are not the

same for P . By Lemma 4.8 we know that for every node in tree

P

(hg

2

; 


1

i) obtained

with one of the transition rules in f!

r

;!




;!

rf

g, there exists a 
orresponding node

in tree

P

(hg

2

; 
i) whi
h has been obtained with the same transition rule. Thus, for

every i 2 f!

r

;!




;!

rf

g: N(i; hg

2

; 


1

i) � N(i; hg

2

; 
i). Also, for every node s in

tree

P

(hg

2

; 


1

i) obtained with the !


f

transition rule, either it has a 
orresponding

node in tree

P

(hg

2

; 
i) or, by Lemma 4.8 there exists a node r in tree

P

(hg

2

; 


1

i)

with the same path, whi
h have been obtained applying the !




transition rule. By

de�nition of 
orre
tness there exists a bije
tion among answer nodes, i.e., nodes in

su

essful derivations. Thus r must be non failure, and the bran
hes starting at r

must be either in�nite or failure. Thus the amount of work performed for obtaining

r and its 
hildren is greater than that performed for obtaining s. But then the

parallel exe
ution is not eÆ
ient, 
ontradi
ting the initial assumption.
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Theorem 4.10. Let hg

1

: g

2

: G; 
i be a state and P a program. The parallel

exe
ution of g

1

and g

2

is operationally 
orre
t and eÆ
ient i� for every 


1

2

ans

P

(hg

1

; 
i) the operational sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same for

P .4

Proof. Dire
t from Theorem 4.9 and the fa
t that the bije
tion is among nodes

with the same path, thus providing the 
onne
tion between the answers in the same

position of the sequen
es.

Note that theorems 4.9 and 4.10 imply that, in absen
e of failure, the amount

of work performed during the parallel exe
ution is equal to (and no less) than that

performed in the sequential exe
ution, with any possible speedup 
oming from the

parallel exe
ution of this work.

These results also allow us to 
larify one of the points mentioned in Se
tion 2.

Let #nfnodes

P

(s) be the number of non failure nodes in the derivation tree of

state s for program P .

Corolary 4.11. Let hg

2

; 


1

i and hg

2

; 
i be two states su
h that 


1

! 
. The sear
h

spa
es of hg

2

; 
i and hg

2

; 


1

i are the same for program P i� #nfnodes

P

(hg

2

; 
i) =

#nfnodes

P

(hg

2

; 


1

i).4

Proof. Let us �rst assume that the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are

the same for P . From the de�nition of sear
h spa
e preservation, there exists

a bije
tion among nodes and, thus, #nfnodes

P

(hg

2

; 
i) = #nfnodes

P

(hg

2

; 


1

i).

For proving the other dire
tion let us reason by 
ontradi
tion and assume that

#nfnodes

P

(hg

2

; 
i) = #nfnodes

P

(hg

2

; 


1

i) but the sear
h spa
es of hg

2

; 
i and

hg

2

; 


1

i are di�erent for P . By Lemma 4.8, every non 
orresponding node s in

hg

2

; 


1

imust be a failure node, and the node r with the same path in hg

2

; 
imust be a

non failure node. But this implies that #nfnodes

P

(hg

2

; 
i) > #nfnodes

P

(hg

2

; 


1

i),

whi
h 
ontradi
ts the initial assumption.

This justi�es why preservation of sear
h spa
e was identi�ed with preservation

of the number of non failure nodes in the logi
 programming 
ontext. However, as

we will see in Se
tion 8, this identi�
ation 
annot be performed when 
o-routining

is provided, sin
e then a more 
onstrained store 


1


an both prune and enlarge the

sear
h spa
e.

We have now proven that sear
h spa
e preservation is not only a suÆ
ient but

also a ne
essary 
ondition for ensuring both eÆ
ien
y and 
orre
tness. However,

there are still two issues related to the assumptions made when ensuring eÆ
ien
y.

Firstly, we have assumed that g

1

has at least one answer. If this is not true, the

amount of work during the parallel exe
ution may be in
reased. Su
h in
rement

will depend on how the implemented system handles su
h situations. However,

given the results above, if we assume the behavior of the system in 
ase of failure

proposed in Hermenegildo and Rossi [1995℄, the same results 
an be obtained, thus

ensuring eÆ
ien
y also for those 
ases. Se
ondly, we have also assumed that the

amount of work involved in applying a parti
ular transition rule is independent

of the state to whi
h the rule is applied. Thus, there is one point whi
h has not

been taken into a

ount, namely the 
hanges in the amount of work involved when

applying a parti
ular transition rule to states with di�erent 
onstraint stores. We

will return to this issue in Se
tion 7.
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<x = 3:x = y, y = 1>

fail

<x = y, y = 1    x = 3><nil,y = 1    x > 0>

<x > 0, y = 1>

<nil, y = 1    x > 7>

<x > 7, y = 1> <x < 5:y  = 2, y = 1>

<y = 2, y = 1    x < 5>

fail

<x > 1,y = 1>

<nil, y = 1    x > 1>

<q(x,y), y = 1><p(x,y), y = 1>

Fig. 1.

5 LEVELS OF INDEPENDENCE

In this se
tion we will investigate various levels of independen
e for CLP languages.

As dis
ussed in Se
tion 2, independen
e was also de�ned at several levels of strength

for logi
 programs, starting from very restri
tive de�nitions whi
h ensure sear
h

spa
e preservation, and then relaxing these 
onditions in order to enlarge the num-

ber of goals whi
h 
an be 
onsidered independent, while still preserving the sear
h

spa
e. We will do the opposite: start from a weak notion of independen
e whi
h

is not suÆ
ient for ensuring sear
h spa
e preservation, and then progressively re-

stri
t this de�nition until it does imply sear
h spa
e preservation. This allows us

to systemati
ally dis
uss and 
ompare these di�erent notions and their appli
a-

tions: although parallel exe
ution is arguably the most important appli
ation of

independen
e, it is not the only one.

5.1 Weak Independen
e

The �rst level is a relatively lax notion of independen
e whi
h 
aptures the intuitive

idea that simply guaranteeing \
onsisten
y among answers" of goals is suÆ
ient for

the purposes of a number of appli
ations.

Example 5.1. Consider the following fragment of a CLP(<) program:

p(x,y):- x > 0. q(x,y):- x < 5 , y = 2.

p(x,y):- x = 3, x = y. q(x,y):- x > 1.

p(x,y):- x > 7.

Figure 1 shows ea
h possible derivation for states hp(x; y); 
i and hq(x; y); 
i where


 is y = 1. Sin
e the answers of hp(x; y); 
i are 
onsistent with those of hq(x; y); 
i

then p(x,y) and q(x,y) 
an be 
onsidered in some sense independent for 
.4

Let us now formally de�ne this level of independen
e whi
h we will 
all weak

independen
e:

De�nition 5.2. Goals g

1

and g

2

are weakly independent for 
onstraint 
 and pro-

gram P i�

8


1

2 ans

P

(hg

1

; 
i) and 8


r

2 ans

P

(hg

2

; 
i); 
onsistent(


1

^ 


r

):

A 
olle
tion of goals g

1

: � � � : g

n

is weakly independent for a given 
 and P i� for

every goal g

i

; 1 � i � n, g

i

and the goal g

1

: � � � : g

i�1

are weakly independent for 


and P . 4
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Note that, a

ording to this de�nition, goals whi
h fail (those for whi
h the set of

answers is empty) for a given 
onstraint are weakly independent of all other goals.

Also note that the appropriateness of the de�nition depends on the assumption that

defn

P

renames lo
al variables in ans

P

(hg

1

; 
i) and ans

P

(hg

2

; 
i) apart. Without

this assumption, they would need to be existentially quanti�ed.This is also true for

subsequent de�nitions of independen
e.

Lemma 5.3. Goals g

1

and g

2

are weakly independent for 
onstraint 
 and pro-

gram P i� 8


1

2 ans

P

(hg

1

; 
i), there exists a bije
tion whi
h assigns to ea
h node

in a su

essful bran
h of tree

P

(hg

2

; 
i) a 
orresponding node in a su

essful bran
h

of tree

P

(hg

2

; 


1

i).4

Proof. Let 
 be the lo
al variable 
orre
ting renaming for tree

P

(hg

2

; 
i) and

tree

P

(hg

2

; 


1

i).

Let us �rst assume that, for ea
h 


1

2 ans

P

(hg

1

; 
i), there exists a bije
tion whi
h

assigns to ea
h node in a su

essful bran
h of tree

P

(hg

2

; 
i) a 
orresponding node in

a su

essful bran
h of tree

P

(hg

2

; 


1

i). Consider some answer 


1

2 ans

P

(hg

1

; 
i) and

answer 


r

2 ans

P

(hg

2

; 
i). Sin
e 


r

is an answer, there is a su

ess node r � hnil; 


r

i

in tree

P

(hg

2

; 
i). By assumption, there is a 
orresponding node s in tree

P

(hg

2

; 


1

i).

From Lemma 4.3, s � hnil; 


s

i. From Lemma 4.4 we have that 


s

is equivalent

to (


1

^ 
(


r

)). Sin
e s is on a su

essful bran
h, 


s

is 
onsistent. Thus 
(


s

) is


onsistent. From Lemma 4.3, 
(


1

) = 


1

and 
 is its own inverse. Thus,


(


s

) � 
(


1

^ 
(


r

)) � 
(


1

) ^ 
(
(


r

))) � 


1

^ 


r

and so 
onsistent(


1

^ 


r

) holds.

Now 
onsider the other dire
tion. Let us assume that g

1

and g

2

are weakly in-

dependent for 
 and P . By Lemma 4.8, for all non failure nodes, and in parti
ular

those in su

essful bran
hes of tree

P

(hg

2

; 


1

i), there exists a 
orresponding node

with the same path in a su

essful bran
h of tree

P

(hg

2

; 
i). From the assump-

tion of weak independen
e, for ea
h node r � hG

r

; 


r

i in a su

essful bran
h of

tree

P

(hg

2

; 
i) we have that 
onsistent(


1

^ 


r

) holds. And sin
e


(


1

^ 


r

) � 
(


1

) ^ 
(


r

) � 


1

^ 
(


r

)

we have that 
onsistent(


1

^
(


r

)) must also hold. By Lemma 4.4, the 
onsisten
y

tests for obtaining the nodes with the same path as r are performed over a 
onstraint




s

satisfying 


s

$ 


1

^ 
(


r

), and thus 
onsistent(


s

) must also hold. As a result,

there exists a non failure node s in tree

P

(hg

2

; 


1

i) with the same path as r. And

by Lemma 4.7 we have that s and r 
orrespond.

The usefulness of weak independen
e is based on the following result:

Theorem 5.4. Let g

1

: � � � : g

n

be a 
olle
tion of weakly independent goals

for 
onstraint 
 and program P . Let g

i

; 1 � i � n be a goal su
h that there

exists 


1

2 ans

P

(hg

1

: � � � : g

i�1

; 
i) with ans

P

(hg

i

; 


1

i) = ;. Then, for every




2

2 ans

P

(hg

1

: � � � : g

i�1

; 
i), ans

P

(hg

i

; 


2

i) = ;.4

Proof. By assumption, the 
olle
tion of goals g

1

: � � � : g

i

is weakly inde-

pendent for 
 and P . By de�nition of weak independen
e, g

i

and the goal g

1

:

� � � : g

i�1

are weakly independent for 
 and P . Also by assumption we have that

there exists 


1

2 ans

P

(hg

1

: � � � : g

i�1

; 
i) with ans

P

(hg

i

; 


1

i) = ;. This means
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that there is no su

essful bran
h in tree

P

(hg

i

; 


1

i). By Lemma 5.3 we have

that 8


1

2 ans

P

(hg

1

: � � � : g

i�1

; 
i), there exists a bije
tion whi
h assigns to ea
h

node in a su

essful bran
h of tree

P

(hg

i

; 
i) a 
orresponding node in a su

ess-

ful bran
h of tree

P

(hg

i

; 


1

i). As a result, there 
an be no su

essful bran
hes in

tree

P

(hg

i

; 
i). From the de�nition of the operational semanti
s, for every 


2

2

ans

P

(hg

1

: � � � : g

i�1

; 
i) we have that 


2

! 
. By 
ompleteness of 
onsistent, there


an be no su

essful bran
hes in any tree

P

(hg

i

; 


2

i) su
h that 


2

! 
. Thus,

ans

P

(hg

i

; 


2

i) = ;.

The above property is, in prin
iple, useful for performing optimizations whi
h

are based on determination of produ
er-
onsumer relationships, su
h as intelli-

gent ba
ktra
king. Ba
ktra
king o

urs during exploration of the derivation tree

whenever a failure node is rea
hed. In the standard operational semanti
s, 
ontrol

\ba
ktra
ks" to the 
losest an
estor with unexplored bran
hes, thus ensuring depth-

�rst exploration of the derivation tree. With intelligent ba
ktra
king [Bruynooghe

and Pereira 1984℄, however, 
ontrol may dire
tly ba
ktra
k further up the tree. It

requires analyzing, upon failure, the 
auses of the failure and determining the ap-

propriate an
estor to ba
ktra
k to that 
an eliminate the failure while maintaining


orre
tness, thus avoiding unne
essary 
omputation.

A simple form of intelligent ba
ktra
king 
an be based on the notion of weak

independen
e. Let g

1

: � � � : g

n

be a set of goals whi
h are weakly independent for

the store 
. Theorem 5.4 ensures that whenever there exists a goal g

i

; 1 � i � n

for whi
h no answers for goal g

i

are found, exe
ution 
an safely ba
ktra
k to the


hoi
e-point pla
ed just before g

1

, skipping all the 
hoi
e-points in between.

It follows from the results in the previous se
tion, that weak independen
e is not

suÆ
ient for ensuring sear
h spa
e preservation, sin
e only su

essful derivations of

the goals have been 
onsidered and the sear
h spa
e 
an also be a�e
ted through

intera
tions with derivations failed or in�nite derivations.

Example 5.5. Consider the previous example. Assume that we start from the

state hp(x; y) : q(x; y); y = 1i. It is 
lear that the sear
h spa
e asso
iated with

hq(x; y); y = 1 ^ x > 7i is smaller than that asso
iated with hq(x; y); y = 1i, sin
e

the derivation in whi
h x < 5 appears would fail earlier { as soon as x < 5 is 
he
ked

for 
onsisten
y with the store. 4

5.2 Strong Independen
e

We 
an de�ne a more restri
tive 
on
ept of independen
e, in the spirit suggested

above, by taking into a

ount all partial answers:

De�nition 5.6. Goal g

2

is strongly independent of goal g

1

for 
onstraint 
 and

program P i�

8


1

2 ans

P

(hg

1

; 
i) and 8


r

2 pans

P

(hg

2

; 
i); 
onsistent(


1

^ 


r

)

A 
olle
tion of goals g

1

: � � � : g

n

is strongly independent for a given 
 and P i� for

every g

i

; 1 � i � n, then g

i

is strongly independent of the goal g

1

: � � � : g

i�1

for 


and P . 4

Note that while weak independen
e is symmetri
, strong independen
e is not.
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Example 5.7. In the example given in Figure 1, p(x,y) is strongly independent

of q(x,y) for the 
onstraint 
 � y = 1, sin
e all answers to hq(x; y); 
i are 
onsistent

with partial answers of hp(x; y); 
i. However, q(x,y) is not strongly independent

of p(x,y) for the same 
onstraint 
. 4

Also, note that if a goal g

2

is strongly independent of another goal g

1

for 
, then

g

1

and g

2

are weakly independent for 
.

We will now prove some properties of strongly independent goals. The main

result is that goal g

2

is independent of g

1

for a given 
onstraint 
 if and only if the

sear
h spa
e is preserved. Intuitively the following theorem states that 
onsisten
y

between the answers of hg

1

; 
i and the partial answers of hg

2

; 
i and hg

2

; 


1

i pre
ludes

pruning any bran
hes, thus ensuring sear
h spa
e preservation. And vi
e-versa,

sear
h spa
e preservation indi
ates no pruning and, thus, 
onsisten
y.

Theorem 5.8. Goal g

2

is strongly independent of goal g

1

for 
onstraint 
 and

program P i�

8


1

2 ans

P

(hg

1

; 
i); the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same.4

Proof. Let 
 be the lo
al variable 
orre
ting renaming for tree

P

(hg

2

; 
i) and

tree

P

(hg

2

; 


1

i).

Let us �rst assume that 8


1

2 ans

P

(hg

1

; 
i) the sear
h spa
es of hg

2

; 
i and

hg

2

; 


1

i are the same. By de�nition of sear
h spa
e, there exists a bije
tion whi
h

assigns to ea
h node r in tree

P

(hg

2

; 
i) a 
orresponding node s in tree

P

(hg

2

; 


1

i).

By Lemma 4.7 ea
h r and s are either both failure or both non failure nodes. For

non failure nodes, say s � hG

s

; 


s

i and r � hG

r

; 


r

i, by Lemma 4.4 we have that




s

is 
onsistent and equivalent to (


1

^ 
(


r

)). From properties of 
 it follows that


onsistent(


1

^


r

) must also hold. Sin
e r refers to the nodes not only in su

essful

but also in failure bran
hes, it 
ontains all partial answers and, thus, g

2

is strongly

independent of g

1

for 
 and P .

The other dire
tion uses a proof by 
ontradi
tion. Let us assume that while g

2

is

strongly independent of g

1

for 
 and P , the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are

not the same. By Lemma 4.8, there must exist a node s � fail in tree

P

(hg

2

; 


1

i)

obtained by applying !


f

and a node r � hG

r

; 


r

i in tree

P

(hg

2

; 
i) with the same

path obtained by applying!




su
h that their parents 
orrespond. By 
onstru
tion,


(


1

) � 


1

, and thus, by strong independen
e, 
onsistent(


1

^
(


r

)) must also hold.

By Lemma 4.4, the 
onsisten
y test performed for obtaining s was applied to the


onstraint 


s

$ 


1

^
(


r

). But, 
onsistent(


s

) holds, 
ontradi
ting s being fail.

This theorem ensures that strong independen
e is not only suÆ
ient but also

ne
essary for ensuring preservation of sear
h spa
e. Thus, from Theorems 4.9 and

4.10, 
orre
tness and eÆ
ien
y of the parallel exe
ution of a set of strongly indepen-

dent goals for 
urrent 
onstraint store 
 holds i� ea
h goal is strongly independent

for 
urrent 
onstraint store 
 of the sequen
e 
omposed of goals to its left.

Apart from parallelization, this theorem also provides a basis for goal reorder-

ing, an important optimization for CLP languages. Marriott and Stu
key [1992℄

suggested reordering the goal 
^g to g^ 
, where 
 is a primitive 
onstraint, when-

ever 
 and g are strongly independent for all possible 
onstraint stores o

urring

before exe
uting 
 and g. The motivation for this is that variables in 
 may be
ome
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uniquely de�ned by g, enabling the 
onstraint 
 to be repla
ed by either an assign-

ment statement or a simple Boolean test. If this is true, espe
ially in the 
ase g is

re
ursive, large speedups are obtained. We 
an lift this idea to the level of goals

and thus reorder goals as well.

It is diÆ
ult to give simple yet general 
onditions whi
h ensure that the reordering

of two goals redu
es the sear
h spa
e. However, one simple 
ondition that ensures

that the reordering does not in
rease the sear
h spa
e is that the rightmost goal

is \single solution" and strongly independent of the leftmost goal. Note that any

deterministi
 goal, and in parti
ular a primitive 
onstraint, is single solution.

De�nition 5.9. A goal g is single solution for 
onstraint 
 and program P i� the

state hg; 
i has at most one su

essful derivation in P .

Theorem 5.10. If goal g

2

is both strongly independent of goal g

1

and single

solution for 
onstraint 
 and P then


ost(hg

2

: g

1

; 
i) � 
ost(hg

1

: g

2

; 
i):4

The proof 
omes dire
tly from Lemma 4.8 and the given CLP operational se-

manti
s. Note that the sear
h spa
e 
an be de
reased for two reasons. First, due

to the asymmetry of strong independen
e g

2


an de
rease the sear
h spa
e of g

1

for


. Se
ond, the answer for g

2

(if any) will not be re
omputed when ea
h answer to

g

1

is found.

5.3 Sear
h Independen
e

As dis
ussed in Se
tion 2.2, in the independent and-parallel model, parallel goals

are exe
uted in di�erent environments. The isolation of the environments quite a
-


urately re
e
ts the a
tual situation in distributed implementations of independent

and-parallelism [Conery 1987℄. However, in models designed for shared addressing

spa
e ma
hines, su
h isolation of environments is not imposed by the ma
hine ar
hi-

te
ture and thus, in pra
ti
e, the goals exe
uting in parallel generally share a single

binding environment (e.g., Hermenegildo and Greene [1990℄ and Lin [1988℄). The

amount of overhead introdu
ed by requiring isolated environments (either 
opying

the environment or renaming the goals, plus 
onjoining the solutions) in these ma-


hines, suggests that su
h isolation should not be implemented unne
essarily. Fur-

thermore, sharing the environments allows us to avoid performing the 
onjun
tion

of the answers obtained from the parallel exe
ution, sin
e this happens automat-

i
ally through the use of a shared 
onstraint store. One might think that if we

ensure that g

2

is strongly independent of g

1

with respe
t to a given 
onstraint store


, then we 
an exe
ute them in parallel in the same environment while preserving

the 
orre
tness and eÆ
ien
y with respe
t to the sequential exe
ution of hg

1

: g

2

; 
i.

However, this is not true sin
e, again, we have only 
onsidered the su

essful deriva-

tions of g

1

and, in this new 
ontext, it is possible for the exe
ution of hg

2

; 
i to prune

the sear
h spa
e of hg

1

; 
i, whi
h may lead to in
orre
t answers.

Example 5.11. Consider the following CLP(<) program:

p(x):- x = 2, fail. q(x):- x = 1.

p(x):- x = 1.
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Clearly q(x) is strongly independent of p(x) for true. Now 
onsider the parallel

exe
ution of hp(x) : q(x); truei in an environment with a shared 
onstraint store. If

parallel redu
tion starts by rewriting p(x) with the �rst rule, and the 
onstraint x

= 2 is pro
essed, then the store be
omes x = 2. Now if q(x) is redu
ed and x=1

is added to the store, failure will result and evaluation of q(x) will ba
ktra
k. As

there is no other rule in the de�nition of q(x), evaluation will wrongly fail, without

�nding the answer. 4

For this reason we de�ne a symmetri
 notion of strong independen
e whi
h en-

sures that neither goal 
an interfere with the other.

De�nition 5.12. Goals g

1

and g

2

are sear
h independent for 
onstraint 
 and

program P i�

8


1

2 pans

P

(hg

1

; 
i) and 8


r

2 pans

P

(hg

2

; 
i); 
onsistent(


1

^ 


r

):

A 
olle
tion of goals g

1

: � � � : g

n

is sear
h independent for a given 
 and P i� for

every g

i

; 1 � i � n: g

i

and any goal formed with goals from g

1

: � � � : g

i�1

: g

i+1

:

� � � : g

n

are sear
h independent for 
 and P . Also, a 
olle
tion of goals is sear
h

independent for a set of 
onstraints (interpreted as their disjun
tion) C and P i�

they are sear
h independent for ea
h 
 2 C and P . Finally, a 
olle
tion of goals is

simply sear
h independent for P i� they are sear
h independent for the set of all

possible 
onstraints and P .4

Then, in the same spirit as Theorem 5.8 we 
an 
on
lude:

Corolary 5.13. Goals g

1

and g

2

are sear
h independent for 
onstraint 
 and pro-

gram P i�

8


1

2 ans

P

(hg

1

; 
i); the sear
h spa
es of hg

2

; 
i and hg

2

; 


1

i are the same, and

8


r

2 ans

P

(hg

2

; 
i); the sear
h spa
es of hg

1

; 
i and hg

1

; 


r

i are the same. 4

6 ENSURING INDEPENDENCE \A PRIORI"

While 
ompile-time dete
tion of independen
e 
an be based on the previous de�ni-

tions themselves, pra
ti
al run-time dete
tion 
annot. This is be
ause independen
e

has been de�ned in terms of the answers and partial answers produ
ed by the goals,

but, in pra
ti
e, we are interested in an \a priori" dete
tion of independen
e 
ondi-

tions (i.e., when dete
tion must be performed just before exe
uting the goals, and

without a
tually having to exe
ute them). In order to do this, (run-time) 
ondi-

tions for ensuring independen
e must be based only on information whi
h is readily

available before exe
uting the goals, namely, the 
urrent 
onstraint store and the

variables appearing in the goals. One 
onsequen
e is that an a priori test will not

be able to distinguish between the various notions of independen
e|weak, strong,

and sear
h|introdu
ed before.

Our �rst approa
h is to de�ne 
onditions whi
h must hold for ea
h 
onstraint

de�ned over the variables of ea
h goal:

De�nition 6.1. Goals g

1

(�x) and g

2

(�y) are proje
tion independent for 
onstraint


 i� for all 
onstraints 


1

and 


2

, if 
onsistent(
^9

��x




1

) and 
onsistent(
^9

��y




2

)

hold then 
onsistent(
 ^ 9

��x




1

^ 9

��y




2

) also holds. A 
olle
tion of goals g

1

:
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� � � : g

n

is proje
tion independent for a given 
 i� for every g

i

; 1 � i � n: g

i

and the goal g

1

: � � � : g

i�1

: g

i+1

: � � � : g

n

are proje
tion independent for 
 and

P . Also, a 
olle
tion of goals is proje
tion independent for a set of 
onstraints

(interpreted as their disjun
tion) C i� they are proje
tion independent for ea
h


 2 C. Finally, a 
olle
tion of goals is simply proje
tion independent i� they are

proje
tion independent for the set of all possible 
onstraints. 4

Sin
e the exe
ution of a goal 
an only add 
onstraints on lo
al variables and the

arguments of the goal, it is straightforward to prove the following result:

Theorem 6.2. Goals g

1

and g

2

are sear
h independent for 
onstraint 
 and any

program P if they are proje
tion independent for 
. 4

It follows that, sin
e sear
h independen
e implies strong independen
e, whi
h in

turn implies weak independen
e, proje
tion independen
e also implies weak and

strong independen
e.

Naive appli
ation of the de�nition of proje
tion independen
e implies testing

all possible 
onsistent 
onstraints over the variables of ea
h goal. A more useful


hara
terization of proje
tion independen
e follows. It is based on identifying those

variables whi
h are \�xed" in a 
onstraint 
 where a variable x is �xed in 
 if 
 implies

that x has a single value. We let �xed(
) denote the set of �xed variables in 
.

Theorem 6.3. Goals g

1

(�x) and g

2

(�y) are proje
tion independent for 
onstraint


 if

(�x \ �y � �xed(
)) and (9

��x


 ^ 9

��y


! 9

��y[�x


):

6

Proof. Assume that the 
ondition holds but there exist two 
onstraints 


1

and




2

su
h that both 
^9

��x




1

and 
^9

��y




2

are 
onsistent but 
^9

��x




1

^9

��y




2

is not.

By assumption �x \ �y � �xed(
), and therefore 9

��x




1

^ 9

��y




2

must be 
onsistent.

Also by assumption, 9

��x


 ^ 9

��y


 implies 9

��y[�x


, and therefore 9

��y[�x


 ^ 9

��x




1

^

9

��y




2

is 
onsistent, whi
h 
ontradi
ts the assumption that 
 ^ 9

��x




1

^ 9

��y




2

is

in
onsistent.

This 
ondition is not only suÆ
ient but also ne
essary for proje
tion indepen-

den
e whenever the 
onstraint domain is suÆ
iently expressive, that is,

De�nition 6.4. A 
onstraint domain has nameable elements if

� for any 
onstraint 
 and variable x, if x is not �xed in 
, then there exist primitive


onstraints of form x = l

1

and x = l

2

where l

1

and l

2

are variable-free expressions

su
h that 
 ^ x = l

1

and 
 ^ x = l

2

are 
onsistent but 
 ^ x = l

1

^ x = l

2

is not


onsistent; and

� if 


1

6! 


2

, where 


1

and 


2

are 
onjun
tions of possibly existentially quanti�ed

primitive 
onstraints, then there exists a 
onjun
tion of primitive 
onstraints, d,

of form x

1

= l

1

^ � � � ^ x

2

= l

2

where the x

i

are distin
t variables and the l

i

are

variable-free expressions su
h that 


1

^ d is satis�able but 


2

^ d is not.4

These 
onditions are satis�ed by any 
onstraint domain whi
h has an expression

(i.e., a \name") for ea
h value in its domain whi
h 
an be distinguished by the

6

Note that (9

��x


 ^ 9

��y


 9

��y[�x


) always holds.4
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primitive 
onstraints. To the best of our knowledge, all 
onstraint domains used in

pra
ti
e have nameable elements. As an example of a 
onstraint domain without

nameable elements, 
onsider a restri
ted integer 
onstraint domain where the only

primitive 
onstraint is equality and the only non variable expression is 0. Then a

variable might not be �xed, but we still 
annot �nd two values whi
h satisfy the

�rst 
ondition above.

Theorem 6.5. For 
onstraint domains with nameable elements, goals g

1

(�x) and

g

2

(�y) are proje
tion independent for 
onstraint 
 only if

(�x \ �y � �xed(
)) and (9

��x


 ^ 9

��y


! 9

��y[�x


):4

Proof. Let us reason by 
ontradi
tion and assume that although g

1

(�x) and g

2

(�y)

are proje
tion independent for 
, there exists z 2 �x\ �y su
h that z 62 �xed(
). Then,

from the nameable element assumption there must exist variable free expressions l

1

and l

2

su
h that 
^(z = l

1

) and 
^(z = l

2

) are 
onsistent but 
^(z = l

1

)^(z = l

2

)

is not 
onsistent. Therefore, 


1

� (z = l

1

) and 


2

� (z = l

2

) do not satisfy the


onditions required by proje
tion independen
e, and there is a 
ontradi
tion.

Now assume that (�x \ �y � �xed(
)) but (9

��x


 ^ 9

��y


) 6! 9

��y[�x


 then, from the

nameability assumption there must exist two sequen
es of variable free expressions

�

l

x

and

�

l

y

su
h that (1) (9

��x


 ^ 9

��y


) ^ �x =

�

l

x

^ �y =

�

l

y

is 
onsistent but (2)

(9

��y[�x


)^ �x =

�

l

x

^ �y =

�

l

y

is not 
onsistent. It follows from (1) that both 
^ �x =

�

l

x

and 
^ �y =

�

l

y

are 
onsistent. Together with (2) this means that, 


1

� (

�

x

0

=

�

l

x

) and




2

� (

�

y

0

=

�

l

y

) do not satisfy the 
onditions required by proje
tion independen
e,

and there is a 
ontradi
tion.

Intuitively, the above proof is based on the fa
t that the only way in whi
h

variables in �x 
an a�e
t the values of the variables �y (and vi
e-versa), is by either (a)

having non �xed variables in 
ommon or (b) appearing together in some \relevant"


onstraint. The 
ondition above spe
i�
ally eliminates these two possibilities.

Example 6.6. Consider the goals g

1

(x; y); g

2

(z; w) and the 
onstraint x + y +

z + w = 7. It is obvious that the goals satisfy (a) but not (b) above, sin
e the


onstraint x+ y + z + w = 7 is relevant for the relationship between the variables

in fx; yg and the variables in fz; wg. But if we add the 
onstraint x + y = 5, then

the old 
onstraint x + y + z + w = 7 be
omes irrelevant (it 
an be substituted by

z + w = 2) sin
e there is no longer a relationship between the variables in fx; yg

and the variables in fz; wg.4

Corolary 6.7. Goals g

1

(�x) and g

2

(�y) are sear
h independent for 
onstraint 
 and

any program P if �x \ �y � �xed(
) and 9

��x


 ^ 9

��y


! 9

��y[�x


 4

The proof 
omes dire
tly from Theorems 6.2 and 6.3.

Example 6.8. Consider the goals g

1

(y) and g

2

(z) and 
onstraint 
 � y > x; z > x.

Now 9

�fyg


 = �, 9

�fzg


 = �, 9

�fy;zg


 = �. Therefore, from Corollary 6.7, we know

that g

1

(y) and g

2

(z) are sear
h independent for 
.4

The following theorem provides the link with the suÆ
ient 
onditions de�ned

in Hermenegildo and Rossi [1995℄ (brie
y summarized in Se
tion 2.2) for logi


programs.
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Theorem 6.9. In the 
ontext of term equations, two goals are proje
tion inde-

pendent for 
onstraint 
 i� they are stri
tly independent for mgu(
).4

Proof. There is a natural bije
tion between solved form equations and (idem-

potent) substitutions. If � is fx

1

7! t

1

; :::; x

n

7! t

n

g we de�ne 
ons(�) to be the

solved form equation x

1

= t

1

^ � � � ^ x

n

= t

n

.

It follows from the de�nition of stri
t independen
e that two goals g

1

(�x) and

g

2

(�y) are stri
tly independent for 
 i� the sets

(fx 2 �xj 6 9(x = t) 2 


0

g [

[

x2�x

fvars(t)j(x = t) 2 


0

g)

and

(fy 2 �yj 6 9(y = t) 2 


0

g [

[

y2�y

fvars(t)j(y = t) 2 


0

g)

are disjoint, where 


0

is 
ons(mgu(
)). Straightforward, but tedious, 
ase analy-

sis shows that the sets are disjoint holds i� 


0

is proje
tion independent. Sin
e 


is equivalent to 


0

, it follows that the sets are disjoint i� 
 is proje
tion indepen-

dent.

Thus proje
tion independen
e is the natural generalization of stri
t independen
e

to arbitrary 
onstraint domains. As a 
onsequen
e of the above theorem, for term

equations there is no need to a
tually proje
t the 
onstraint store over any set of

variables. However, when 
onstraint domains other than Herbrand are involved, the


ost of performing a pre
ise proje
tion may be too high. For example, proje
tion

over the linear arithmeti
 
onstraints has exponential 
omplexity.

A pragmati
 solution is to �nd if variables are \linked" through the primitive


onstraints in the 
onstraint store. In fa
t we 
an do better by noti
ing that we


an ignore variables that are 
onstrained to take a unique value. Note that in the

following we will treat a 
onstraint 
 as a synta
ti
 obje
t, rather than in terms of

its logi
al meaning.

More formally, the relation link




(x; y) holds for variables x and y if there is a

primitive 
onstraint 


0

in 
 su
h that fx; yg � vars(


0

) n �xed(
). The relation

links




(x; y) is the transitive 
losure of link




(x; y). We lift links to sets of variables

by de�ning Links




(�x; �y) i� 9x 2 �x and 9y 2 �y su
h that links




(x; y).

Theorem 6.10. Goals g

1

(�x) and g

2

(�y) are proje
tion independent for 
onstraint


 if :Links




(�x; �y). 4

Note that the above theorem does not depend on the synta
ti
 representation we


hoose for 
. In fa
t, if the solver keeps a \normal form" for the 
urrent 
onstraints,

we are better o� using the normal form rather than the original sequen
e of 
on-

straints as this allows the de�nition to be simpli�ed. More pre
isely, 
onstraints 


are in normal form if they have form

x

1

= f

1

(�y) ^ x

2

= f

2

(�y) ^ ::: ^ x

n

= f

n

(�y) ^ 


0

where the f

i

are fun
tion symbols of the underlying 
onstraint domain, the x

i

are distin
t variables disjoint from the variables �y and vars(


0

) � �y. Asso
iated

with the normal form is an assignment  to the eliminated variables, namely,
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fx

1

7! f

1

(�y); :::; x

n

7! f

n

(�y)g. It is straightforward to verify that Links




(�x; �y)

i� Links




0

(vars( (�x)); vars( (�y))).

The 
ondition imposed by Theorem 6.10, although 
learly suÆ
ient, is some-

what 
onservative. For instan
e, although the goals g

1

(y) and g

2

(z) are sear
h

independent for 
 � y > x^z > x, Links




(fyg; fzg) holds due to the transitive 
lo-

sure performed when 
omputing links




(y; z). Thus, if proje
tion may be eÆ
iently

performed for the parti
ular 
onstraint domain and solver, it is better to use the


onditions in Theorem 6.3 to determine sear
h independen
e at run time.

One important issue that remains to be dis
ussed is the pra
ti
al usefulness of

the di�erent independen
e notions. In the 
ontext of traditional logi
 programs,

it has been shown [Bueno et al. 1999℄ that stri
t independen
e 
an be dete
ted

at 
ompile-time with reasonable a

ura
y and 
an be proved at run-time without

introdu
ing great overheads. Non a priori notions are, however, a di�erent issue

sin
e they 
annot be used as the basis of run-time test and, thus, must be dete
ted

at 
ompile-time. Unfortunately, even restri
ted non a priori notions, su
h as non

stri
t independen
e, are diÆ
ult to dete
t a

urately at 
ompile-time [Cabeza and

Hermenegildo 1994℄. This is not only be
ause they require more 
omplex analysis

domains, but also be
ause they require a parti
ular analysis framework in whi
h

literals in the body of a 
lause are analyzed both in the 
ontext of the answers

of previous literals and in isolation. In order not to exponentially in
rease the


omplexity, a possible approa
h would be to �rst perform a typi
al analysis, use

that information to dis
ard literals over whi
h the desired optimization 
annot be

performed, and then re-analyze the rest in isolation.

In the 
ase of other CLP languages, the problems found for non a priori indepen-

den
e notions be
ome even more a
ute, due to the 
omplexity of the domains needed

to dete
t 
onsisten
y of 
onstraints a

urately. In the 
ase of a priori notions, pre-

liminary experiments in Gar
��a de la Banda et al. [1996℄ show that traditional

groundness and freeness information 
an be used to dete
t a priori independen
e

at 
ompile-time, but for a

ura
y, analysis domains spe
ialised to the parti
ular


onstraint domain used by the program, should be used. Regarding the 
ompar-

ison between the run-time test based on proje
tion and link independen
e, the

experimental evaluation showed two interesting 
on
lusions. First, although there

exist 
ases in whi
h proje
tion independen
e dete
ts parallelism whi
h link inde-

penden
e fails to dete
t, this is not a 
ommon 
ase. Se
ond, naive implementations

of the independen
e tests introdu
e too mu
h overhead, espe
ially for proje
tion

independen
e.

7 SOLVER INDEPENDENCE

From the results in previous se
tions, it may be thought that sear
h spa
e inde-

penden
e is enough for ensuring not only the 
orre
tness but also the eÆ
ien
y

of any transformation applied to the sear
h independent goals. Unfortunately, as

mentioned in Se
tion 5, this is not true in general.

Example 7.1. Consider the state hp(x) : q(x; y; z; w); truei and the program P :

p(x)  x = 1.

q(x,y,z,w)  x + 1 = y, y = 2 + z, 2 * x + y = w, y > x, w > z.

It is easy to see that p(x) and q(x,y,z,w) are sear
h spa
e independent for true
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and P . However, exe
uting hq(x; y; z; w); truei is more expensive than exe
uting

hq(x; y; z; w); x = 1i. The reason is that while in the former 
ase a relatively 
om-

plex 
onstraint solving algorithm (su
h as the Simplex introdu
ed later) has to be

applied, in the latter only simple value propagation is needed. As a result, the par-

allelization or the reordering of the goals in the above state may a
tually produ
e

a slowdown.4

The problem is that the amount of work performed when applying a parti
ular

transition rule is not always independent of the state to whi
h this transition rule

is applied. There are two di�erent 
ases. On one hand, given a program P and a

state s in whi
h the leftmost literal is an atom a, the amount of work performed

when applying the !

r

or !

rf

transition rules to s is identi
al to that performed

when applying the same transition rule to state s

0

as long as the leftmost literal in

the sequen
e of literals of s

0

is a variant of a, sin
e the 
onstraint stores in s and s

0

are not taken into a

ount. On the other hand, given a program P and a state s

in whi
h the leftmost literal is a 
onstraint 


0

, the amount of work performed when

applying the !




and !


f

transition rules to s 
an be di�erent to that performed

when applying the same transition rule to state s

0

even if the leftmost literal in the

sequen
e of literals of s

0

is a variant of 


0

. The key is in the di�eren
es between the


onstraint stores of s and s

0

.

Therefore, although as shown in the previous se
tions sear
h spa
e preservation

ensures that for ea
h transition rule the number of appli
ations of this transition rule

in the derivation trees of ea
h state is preserved, it does not ensure the preservation

of the amount of work when the !




and !


f

transition rules are applied and the

store in ea
h state is di�erent. The main problem is that the 
onstraint solver is

viewed as a bla
k box, i.e., the operational semanti
s allow us to see the transitions

applied at the higher level, but not those performed by the 
onstraint solver at

ea
h of those high level transitions. If we 
ould have a

ess to su
h \low level"

transitions, the amount of work performed by the 
onstraint solver in adding a

parti
ular 
onstraint to a parti
ular store, would be
ome expli
it, and it 
ould be


hara
terized in terms of sear
h spa
e, analogously as for the high level transitions.

This is in fa
t the approa
h taken in Bueno et al. [1998℄.

Therefore, it is 
lear that modifying the order in whi
h a sequen
e of primitive


onstraints is added to the store may have a 
riti
al in
uen
e on the time spent

by the 
onstraint solver algorithm in obtaining the answer, even if the resulting


onstraint is 
onsistent. In fa
t, this issue is the 
ore of the reordering transforma-

tion des
ribed in Marriott and Stu
key [1992℄. This varian
e in the 
ost of adding

primitive 
onstraints to the store has been ignored as a fa
tor of negligible in
u-

en
e in traditional logi
 programming. This is due to the spe
i�
 
hara
teristi
s

of the standard uni�
ation algorithms [Paterson and Wegman 1978; Martelli and

Montanari 1982℄ { we will return to this point later. However, as shown before, it


annot be ignored in the 
ontext of other CLP languages. For this reason, we now

introdu
e the notion of 
onstraint solver independen
e, a new type of independen
e

whi
h, although orthogonal to sear
h spa
e independen
e, is also needed in order

to ensure the eÆ
ien
y of transformations su
h as goal reordering and independent

and-parallelization.
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Intuitively, two sequen
es of primitive 
onstraints are independent of ea
h other

for a given solver if adding them to the 
urrent 
onstraint store in any \merging"

has the same overall 
ost. We now make this idea more pre
ise. Let Solv be a

parti
ular 
onstraint solver and 
 and 


0

sequen
es of primitive 
onstraints. We let

s
ost(Solv; 
; 


0

) be the 
ost of adding the sequen
e 


0

to the solver Solv after 
 has

been added. To illustrate the vagaries of 
onstraint solving we note that even in

\reasonable" 
onstraint solvers su
h as, for example, that employed in CLP(<), we

do not have that, if 


00

is a subsequen
e of 


0

,

s
ost(Solv; 
; 


00

) � s
ost(Solv; 
; 


0

);

as witness Example 7.1 above.

We let merge(
; 


0

) be the set of all mergings of the 
onstraint sequen
es 
 and




0

.

De�nition 7.2. Constraint sequen
es 


0

and 


00

are K-independent for store 
 and

solver Solv i� 
onsistent(


0

^ 


00

^ 
) implies that for every 


1

; 


2

2 merge(


0

; 


00

);

s
ost(Solv; 
; 


1

)� s
ost(Solv; 
; 


2

) � K: 4

The intuition behind the parameterization of the de�nition is that the 
ost be

bound by, for instan
e, a 
onstant value or perhaps a linear fun
tion of the num-

ber of shared variables among the sequen
es, where di�erent levels of 
ost 
an be

tolerated by di�erent appli
ations, also depending on the 
onstraint system being

used.

The obvious way to de�ne independen
e for a solver is by ensuring that adding

any pair of 
onsistent sequen
es of 
onstraints in any order leads to only small

di�eren
es in 
ost. This is 
aptured in the following de�nition.

De�nition 7.3. A 
onstraint solver Solv is independent i� for all 
onstraint se-

quen
es 
; 


0

and 


00

, 


0

and 


00

are K-independent for 
 and Solv, where K is a

\small" 
onstant value.4

Unfortunately, many reasonable 
onstraint solvers do not satisfy solver indepen-

den
e. In many appli
ations a weaker notion is a

eptable, namely that the solver

should be solver independent only for sequen
es whi
h do not \interfere." This

notion is inspired by the kind of 
onstraints obtained from proje
tion independent

goals (or their almost equivalent 
hara
terization provided by Theorems 6.3 and

6.5).

De�nition 7.4. A 
onstraint solver Solv is proje
tion independent i� for all 
on-

straint sequen
es 
, 


0

, and 


00

, if vars(


0

) \ vars(


00

) � �xed(
) and

9

�vars(


0

)


 ^ 9

�vars(


00

)


 ! 9

�vars(


0

)[vars(


00

)


, then 


0

and 


00

are K-independent

for 
 and Solv, where K is a \small" 
onstant value.4

An even weaker notion of independen
e holds if we only 
onsider 
onstraints

whose variables are not linked in any way through the store.

De�nition 7.5. A 
onstraint solver Solv is link independent i� for all 
onstraint

sequen
es 
, 


0

and 


00

, if :Links




(vars(


0

); vars(


00

)) then 


0

and 


00

are solver

K-independent for 
 and Solv, where K is a \small" 
onstant value.4

In pra
ti
e link independen
e seems more useful than proje
tion independen
e:

we 
laim that most reasonable 
onstraint solvers are link independent and that,
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therefore, the eÆ
ien
y of many optimizations, su
h as and-parallelism, 
an be

ensured on
e the adequate a priori notion is proved to hold for the goals involved

in the optimization.

In order to exemplify the appli
ability of the previously de�ned notions we will

review a few examples of solvers with respe
t to their solver independen
e 
hara
-

teristi
s.

In many CLP systems, for example CLP(<) and Prolog-III [Colmerauer 1990℄,


onstraint testing over systems of linear equations and inequations is performed

using an in
remental version of the simplex algorithm [Marriot and Stu
key 1998℄.

Essentially this involves in
rementally re
omputing a normal form for the 
onstraint

store when a new 
onstraint is added. This is done by a su

ession of \pivots" whi
h

ex
hange the variables being eliminated. When a 
onstraint is �rst en
ountered it

is \simpli�ed" by eliminating the variables from it. If this redu
es the 
onstraint

to a simple assignment or Boolean test, then, for eÆ
ien
y, the 
onstraint is not

passed to the 
onstraint solver but is handled by the 
onstraint solver \interfa
e."

In order to re
ognize su
h assignments or tests the solver keeps tra
k of all variables

whi
h are 
onstrained to a �xed value. For eÆ
ien
y, the normal form \tableaux"

is stored using a sparse matrix representation as a list of lists of non zero entries.

Let this 
onstraint solver be 
alled Simplex.

It is easy to 
onstru
t examples showing that Simplex is neither independent nor

proje
tion independent. However, we do have that Simplex is link independent.

This is be
ause if the 
onstraints in 


0

and 


00

are not linked through 
, then their

normal form in the tableaux does not share variables. Sin
e the tableau is stored

using a sparse representation, pivoting or eliminating a variable in an equation

derived from 


0

will not 
onsider equations derived from 


00

, sin
e they do not share

non zero entries in the tableau (and vi
e versa). If 


0

and 


00

share variables that have

a �xed value then these variables will essentially be eliminated from the tableau

and repla
ed by their value thus removing the 
onne
tion between them.

We believe that the reason Simplex is link independent is typi
al of many solvers

used in pra
ti
e. It is instru
tive to re
onsider uni�
ation algorithms as solvers for

equality 
onstraints over the domain of Herbrand terms and study their indepen-

den
e 
hara
teristi
s. It is 
lear that most reasonable uni�
ation algorithms would

satisfy the 
onditions of proje
tion independen
e, and in parti
ular those whi
h

are \linear," i.e., whi
h have the property of performing a number of atomi
 steps

whi
h is linear in the size of the terms being uni�ed [Paterson and Wegman 1978;

Martelli and Montanari 1982℄. Furthermore, if we denote by LinUnif a uni�
ation

algorithm belonging to the latter 
lass, then we have that LinUnif is independent.

It is interesting to point out that independen
e does not hold even for all term

equation solvers. For example, the 
ost of the original uni�
ation algorithm of

Robinson [1965℄, whi
h is exponential in the worst 
ase, 
an vary by more than

a 
onstant fa
tor depending on reordering. The algorithm used in most pra
ti
al

logi
 programming systems is a
tually an adaptation of Robinson's. However, these

algorithms 
an a
tually be linear be
ause either they (in
orre
tly) do not perform

the o

ur 
he
k, and be
ause they do not materialize the substitutions, but rather

keep them in an impli
it representation using pointers). In fa
t, in most pra
ti
al

implementations the di�eren
e of exe
ution time after reordering will a
tually be

very 
lose to zero. This is the assumption that is used in pra
ti
e in optimizations
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of logi
 programs based on independen
e, and it is this assumption whi
h makes

the 
lassi
al view of expressing independen
e in logi
 programs only in terms of

sear
h independen
e 
orre
t.

8 ALLOWING DYNAMIC SCHEDULING

In previous se
tions we have studied independen
e for languages in whi
h 
alls are

evaluated using a �xed left-to-right s
heduling strategy. Thus, our results do not

dire
tly apply to many modern CLP languages, sin
e these often provide a form

of 
o-routining 
alled dynami
 s
heduling. That is, in these languages the default

s
heduling is still left-to-right, but some 
alls may be dynami
ally \delayed" until

their arguments are suÆ
iently instantiated.

We now extend our independen
e results to dynami
ally s
heduled languages.

This is important for at least four reasons. First, as we have suggested many

existing CLP languages already provide 
exible s
heduling. Therefore, in order to

be pra
ti
al, independen
e-based optimizations must handle dynami
ally s
heduled

programs. Se
ond, dynami
 s
heduling has a signi�
ant 
ost, in
reasing the need

of appli
ations whi
h improve eÆ
ien
y. Third, dynami
ally s
heduled languages

are 
onsidered as promising target languages for the implementation of 
on
urrent


onstraint logi
 languages [Debray 1993; Saraswat 1987; Ueda and Chikiyama 1985℄.

Fourth, dynami
 s
heduling is also present in some logi
 programming languages

but has been ignored in work on parallelization of logi
 programs.

8.1 Operational Semanti
s

The operational semanti
s of CLP programs with dynami
 s
heduling is slightly

more 
omplex than that given earlier for CLP languages with �xed left-to-right

literal s
heduling. Again the semanti
s may be presented as a transition system on

states. However, a non fail state hG; 
;Di now also 
ontains a sequen
e of delayed

atoms, D. The other 
omponents|the sequen
e of non exe
uted literals, G, and

the 
onstraint store, 
|remain the same. In addition to the 
onstraint solving

fun
tion 
onsistent(
), the operational semanti
s is parameterized by the predi
ate

delay(a; 
), whi
h holds i� a 
all to atom a delays with the 
onstraint 
, and the

fun
tion woken(D; 
) whi
h returns the sequen
e of atoms in D whi
h are woken

for 
onstraint 
. Note that the order of the atoms returned by woken is system

dependent. Furthermore, the parametri
 fun
tions delay and woken are assumed

to satisfy the following �ve 
onditions:

� If G = woken(D; 
), then a 2 G i� a 2 D ^ :delay(a; 
).

� If G

1

= woken(D

1

; 
) and G

2

= woken(D

2

; 
), D

1

is a subsequen
e of D

2

and

for all a 2 D

1

nD

2

, delay(a; 
) holds, then G

1

� G

2

.

� Let � be a renaming, then delay(a; 
) i� delay(�(a); �(
)).

� delay(a; 
) i� delay(a; 9

�vars(a)


).

� If 
! 


0

and delay(a; 
), then delay(a; 


0

).

The �rst 
ondition ensures that there is a 
ongruen
e between the 
onditions

for delaying an atom and waking it. The se
ond 
ondition ensures that the order

of woken goals only depends on their relative ordering in the sequen
e of delayed

goals. The remaining 
onditions ensure that delay behaves reasonably, i.e., it does
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not take variable names into a

ount, is only 
on
erned with the e�e
t of 
 on the

variables in a, and if an atom is not delayed, adding more 
onstraints never 
auses

it to delay

Let a denote an atom and 


0

a 
onstraint. The transition rules are

� ha : G; 
;Di !

d

hG; 
; a : Di if delay(a; 
) holds;

� ha : G; 
;Di !

r

hB :: G; 
;Di if delay(a; 
) does not hold and B 2 defn

P

(a);

� ha : G; 
;Di !

rf

fail if delay(a; 
) does not hold and defn

P

(a) = ;;

� hG; 
;Di !

w

hG

0

:: G; 
;D nG

0

i where G

0

= woken(D; 
), and G

0

is not empty

(note that n is assumed to preserve the relative order of the unwoken goals);

� h


0

: G; 
;Di !




hG; 
 ^ 


0

; Di if 
onsistent(
 ^ 


0

) holds;

� h


0

: G; 
;Di !


f

fail if 
onsistent(
 ^ 


0

) does not hold.

The above operational semanti
s extends that given earlier for traditional CLP

languages by adding the !

d

and !

w

transitions. Note that the 
onditions for

applying ea
h of the transition rules are still pairwise ex
lusive, ex
ept for !

w

.

We will assume that this transition rule has preferen
e over the rest of the rules,

thus being applied to any state hG; 
;Di in whi
h woken(D; 
) is non empty. The

same result 
ould also be a
hieved by 
ombining the !




and !

w

transition rules,

but given our interest in the parti
ular 
hara
teristi
s of !

w

, we have kept them

separate. As before, we will assume a depth-�rst sear
h strategy. All notions related

to derivations and derivation trees are straightforward extensions of those de�ned

for the CLP 
ontext. One di�eren
e is that answers may now 
ontain a sequen
e of

delayed goals and so 
onsist of tuples whose �rst element is the answer 
onstraint

and whose se
ond element is the delayed goal sequen
e.

We now generalize our earlier results to CLP languages with dynami
 s
heduling.

We do this in two stages. First we assume that the initial sequen
e of delayed goals

is empty. In the se
ond stage we shall drop this assumption.

8.2 Independen
e When the Initial Sequen
e D is Empty

We start by extending our and-parallel exe
ution model to this new 
ontext. As-

sume that given the program P and the state hg

1

: g

2

: G; 
; nili, we want to exe
ute

g

1

and g

2

in parallel. Then the exe
ution s
heme is the following:

� exe
ute hg

1

; 
; nili and hg

2

; 
; nili in parallel (in di�erent environments) obtaining

the answers h


1

; D

1

i and h


r

; D

r

i respe
tively,

� obtain 


s

= 


1

^ 


r

, and

� exe
ute hG; 


s

; D

r

:: D

1

i.

Modulo the extra transformation rules, the de�nition of sear
h spa
e preservation

remain the same as that given earlier. The de�nition of 
orre
tness is extended as

follows:

De�nition 8.1. Let s be the state hg

1

: g

2

: G; 
; nili and P a program. The par-

allel exe
ution of g

1

and g

2

is 
orre
t i� for every h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili) there

exists a renaming 
 su
h that 
(s) � s and a bije
tion whi
h assigns to ea
h answer

h


s

; D

s

i 2 ans

P

(hg

2

; 


1

; D

1

i), an answer h


t

; D

t

i 2 ans

P

(hnil; 


1

^ 


r

; D

r

:: D

1

i)

su
h that D

s

� 
(D

t

) and 


s

� 
(


t

), where h


r

; D

r

i 2 ans

P

(hg

2

; 
; nili).4
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Note that the above de�nition allows goals in D

r

:: D

1

to be woken up due

to the 
onjun
tion of 


1

and 


r

performed on
e the parallel exe
ution is �nished.

We similarly extend the de�nition of operational 
orre
tness and the de�nition of

eÆ
ien
y as follows

De�nition 8.2. Let s be the state hg

1

: g

2

: G; 
; nili and P be a program. The

parallel exe
ution of g

1

and g

2

is eÆ
ient i� for every h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili):


ost(hg

2

; 
; nili)+

X

h


r

;D

r

i2ans

P

(hg

2

;
;nili)


ost(hnil; 


1

^ 


r

; D

r

:: D

1

i) � 
ost(hg

2

; 


1

; D

1

i)

4

It is 
lear from the de�nition of 
orre
tness and eÆ
ien
y, that one of the main

di�eren
es between the frameworks obtained for languages with and without dy-

nami
ally s
heduled is that in the former 
ase the state obtained by 
onjoining

the answers obtained by the parallel exe
ution (hnil; 


1

^ 


r

; Dr :: D

1

i) might not

be a �nal state due to the awakening of some previously delayed goal. It is also


lear that this di�eren
e is going to make things 
ompli
ated, sin
e we not only

have to dire
tly 
ompare the sequential exe
ution with the parallel but also have

to take into a

ount the exe
ution of the atoms woken due to the 
onjoining of

the parallel answers. It is thus tempting to believe that, by requiring the state

hnil; 


1

^ 


r

; Dr :: D

1

i to be �nal, we return to a situation to whi
h the results of

the previous se
tions 
an be easily extended. Certainly this is the 
ase for proving

that sear
h spa
e preservation is suÆ
ient for ensuring eÆ
ien
y:

Theorem 8.3. Let P be a program and hg

1

: g

2

: G; 
; nili a state. The parallel

exe
ution of g

1

and g

2

is eÆ
ient if for every h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili), the state

hnil; 


1

^ 


r

; Dr :: D

1

i is �nal and the sear
h spa
es of hg

2

; 
; nili and hg

2

; 


1

; D

1

i

are the same for P .4

The proof is straightforward, sin
e sear
h spa
e preservation ensures the exis-

ten
e of a bije
tion among transitions of ea
h parti
ular kind. However, even in

this restri
ted 
ontext, proving that sear
h spa
e preservation is suÆ
ient for guar-

anteeing 
orre
tness is mu
h more involved. Previously, the reasoning was based

on the fa
t that, in absen
e of failure, for every two nodes r in tree

P

(hg

2

; 
i) and

s in tree

P

(hg

2

; 


1

i) with the same path, their sequen
e of sele
ted literals must be

identi
al up to renaming. Thus, the 
onstraints added to the store are also the

same, up to renaming. Unfortunately, we 
an no longer guarantee that the atoms

are woken in the same order in both exe
utions. Thus the sequen
e of a
tive literals

in nodes with the same path 
an di�er.

Example 8.4. Consider the parallel exe
ution of the goals in state

hp(x; y) : q(x; y); true; nili for the program P :

p(x,y)  x=y. s(x,y,z)  f(0,0)=f(y,z).

q(x,y)  r(y,z),s(x,y,z),t(z). t(z)  z=0.

r(y,z)  y=z.

with the following suspension de
larations for p/2, q/2, r/2, s/3 and t/1:

?� r(y; z) when ground(y):
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hq(x; y); x = y; nili

#

r

hr(y; z) : s(x; y; z) : t(z) : x = 0; x = y; nili

#

d

hs(x; y; z) : t(z) : x = 0; x = y; r(y; z)i

#

d

ht(z) : x = 0; x = y; r(y; z) : s(x; y; z)i

xe #

d

hx = 0; x = y; r(y; z) : s(x; y; z) : t(z)i

#




hnil; x = y ^ x = 0; r(y; z) : s(x; y; z) : t(z)i

#

w

hr(y; z) : s(x; y; z) :; x = y ^ x = 0; t(z)i

#

r

hy = z : s(x; y; z); x = y ^ x = 0; t(z)i

#




hs(x; y; z); x = y ^ x = 0 ^ y = z; t(z)i

#

w

ht(z) : s(x; y; z); x = y ^ x = 0 ^ y = z; nili

#

r

hz = 0 : s(x; y; z); x = y ^ x = 0 ^ y = z; nili

#




hs(x; y; z); x = y ^ x = 0 ^ y = z ^ z = 0; nili

#

r

hf(0; 0) = f(y; z); x = y ^ x = 0 ^ y = z ^ z = 0; nili

#




hnil; x = y ^ x = 0 ^ y = z ^ z = 0 ^ f(0; 0) = f(y; z); nili

Fig. 2.

?� s(x; y; z) when ground(x):

?� t(z) when ground(z):

Figure 2 shows the derivation tree from the state hq(x; y); x = y; nili (i.e., p(x,y)

has been exe
uted obtaining the answer hx = y; nili) and Figure 3 the derivation

tree from the state hq(x; y); true; nili (i.e., p(x,y) has not been exe
uted). Noti
e

that the sear
h spa
e is identi
al and that the state resulting from 
onjoining the an-

swers hnil; x = y; nili and hnil; x = 0 ^ f(0; 0) = f(y; z) ^ y = z ^ z = 0; nili of

the parallel exe
ution of hp(x; y); true; nili and hq(x; y); true; nili, respe
tively, is

�nal.

The �rst six states in Figure 2 are almost identi
al to those in Figure 3, the

only di�eren
e being that the 
onstraint x = y already appears in the 
onstraint

store of the states in Figure 2. The �rst important di�eren
e appears after the

sixth transition due to the fa
t that, while in Figure 2 variable y is known to be

ground thus waking up goal r(y,z), in Figure 3 goal r(y,z) remains delayed,

leading to di�erent sequen
es of a
tive literals. Even though the sear
h spa
e

is preserved, there is no renaming whi
h makes the sequen
es of a
tive literals

identi
al. Furthermore, there is not even a renaming whi
h makes the leftmost

literal of every two non failure nodes with the same path identi
al. 4
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hq(x; y); true; nili

#

r

hr(y; z) : s(x; y; z) : t(z) : x = 0; true; nili

#

d

hs(x; y; z) : t(z) : x = 0; true; r(y; z)i

#

d

ht(z) : x = 0; true; r(y; z) : s(x; y; z)i

#

d

hx = 0; true; r(y; z) : s(x; y; z) : t(z)i

#




hnil; x = 0; r(y; z) : s(x; y; z) : t(z)i

#

w

hs(x; y; z); x = 0; r(y; z) : t(z)i

#

r

hf(0; 0) = f(y; z); x = 0; r(y; z) : t(z)i

#




hnil; x = 0 ^ f(0; 0) = f(y; z); r(y; z) : t(z)i

#

w

hr(y; z) : t(z); x = 0 ^ f(0; 0) = f(y; z); nili

#

r

hy = z : t(z); x = 0 ^ f(0; 0) = f(y; z); nili

#




ht(z); x = 0 ^ f(0; 0) = f(y; z) ^ y = z; nili

#

r

hz = 0; x = 0 ^ f(0; 0) = f(y; z) ^ y = z; nili

#




hnil; x = 0 ^ f(0; 0) = f(y; z) ^ y = z ^ z = 0; nili

Fig. 3.

Even with the problems illustrated in the example above, it is possible to prove

that in this restri
ted 
ontext (i.e., the 
onjun
tion of the parallel answers does not


ause the awakening of an atom delayed during the parallel exe
ution) sear
h spa
e

preservation is suÆ
ient for preserving 
orre
tness. However, we will not do so,

sin
e there is a more important problem we must 
onsider: sear
h spa
e preserva-

tion no longer ensures operational 
orre
tness. Although sear
h spa
e preservation

guarantees the existen
e of a bije
tion between answers, it 
annot guarantee that

the order in whi
h the sequential answers are obtained will be preserved when the

goals are exe
uted in parallel. In the absen
e of dynami
 s
heduling, operational


orre
tness essentially 
ame for free due to the existen
e of a bije
tion between

answers asso
iated to nodes with the same path, and to the properties of nodes

with the same path ensured by Lemma 4.3. With dynami
 s
heduling, however,

those properties do not always hold, due to the possible existen
e of interleavings

between goals whi
h have multiple solutions.

Example 8.5. It is simple to extend the program in Example 8.4 so that it ex-

hibits su
h behavior (we simply add one extra argument to r/2 and s/3 in whi
h we

return more than one answer and add an extra rule to ea
h). Consider the parallel

exe
ution of the goals in state hp(x; y) : q(x; y; u; v); true; nili for the program P :
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p(x,y)  x=y. s(x,y,z,v) f(0,0,1)=f(y,z,v).

q(x,y,u,v) r(y,z,u),s(x,y,z,v),t(z). s(x,y,z,v) f(0,0,2)=f(y,z,v).

r(y,z,u)  f(y,u)=f(z,3). t(z)  z=0.

r(y,z,u)  f(y,u)=f(z,4).

with the following suspension de
larations for p/2, q/4, r/3, s/4 and t/1:

?� r(y; z; u) when ground(y):

?� s(x; y; z; v) when ground(x):

?� t(z) when ground(z):

It is easy to 
he
k that, although the sear
h spa
e of the two initial states is

preserved and no atom delayed during the exe
ution of hp(x; y); true; nili and

hq(x; y; u; v); true; nili is woken up during the 
onjun
tion of the answers, the

sequen
e of answers obtained for the sequential exe
ution is di�erent to that for

parallel exe
ution. This is be
ause in the sequential exe
ution r/3 is exe
uted

before s/4 returning the four answers (restri
ted to the variables u and v) in the

order u = 3 ^ v = 1, u = 3 ^ v = 2, u = 4 ^ v = 1, and u = 4 ^ v = 2 while in the

parallel exe
ution r/3 is exe
uted after s/4 returning the answers in the order

u = 3 ^ v = 1, u = 4 ^ v = 1, u = 3 ^ v = 2, and u = 4 ^ v = 2. 4

We 
an avoid su
h problemati
 interleavings by ensuring that for every answer

h


1

; D

1

i of hg

1

; 
; nili, no atom in D

1

is woken during the exe
ution of hg

2

; 


1

; D

1

i,

and every atom delayed (woken) at some point of the exe
ution of hg

2

; 


1

; D

1

i is also

delayed (woken) at the same point of the exe
ution of hg

2

; 
; nili. This is a
hieved by

requiring the following 
onditions for every two nodes s and r of tree

P

(hg

2

; 


1

; D

1

i)

and tree

P

(hg

2

; 
; nili), respe
tively, with the same path:

De�nition 8.6. Two nodes s � hG

s

; 


s

; D

s

i and r � hG

r

; 


r

; D

r

i are equivalent

with respe
t to delay i�:

� for every a 2 D

s

nD

r

: delay(a; 


s

) holds,

� for every a 2 D

r

nD

s

: delay(a; 


r

) holds,

� for every a 2 D

s

\D

r

: delay(a; 


r

) i� delay(a; 


s

),

� if G

s

� a : G

0

s

and G

r

� a : G

0

r

: delay(a; 


r

) i� delay(a; 


s

).4

These 
onditions ensure that the extra delayed goals in D

r

or D

s

are not woken

up, and that 


s

and 


r

have identi
al behavior with respe
t to delay both for the

delayed atoms they share in 
ommon and for their leftmost atom if they share it.

Note that this 
ondition is not the most general possible, sin
e it does not allow

the interleaving when, for example, one of the goals involved is single solution, or

it a�e
ts bran
hes other than non failure, �nite bran
hes. However, we believe

it is a reasonable 
ompromise for at least two reasons. First, if su
h a 
ondition

is satis�ed, the situation be
omes equivalent to that for languages with a �xed

s
heduling, allowing us to extend all results obtained in the previous se
tion to this

new 
ontext. Se
ond, the above 
ondition, although 
omplex, seems amenable to


ompile-time veri�
ation using global analyzers re
ently developed for dynami
ally

s
heduled languages [Puebla et al. 1997℄.

The following lemma generalizes Lemmas 4.3 and 4.4. Its proof is similar.
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Lemma 8.7. Let P be a program and hg

2

; 


1

; D

1

i, hg

2

; 
; nili be two states with




1

! 
. There exists a renaming 
 su
h that:

|for every two non failure nodes s � hG

s

; 


s

; D

s

i and r � hG

r

; 


r

; D

r

i with the

same path in tree

P

(hg

2

; 


1

; D

1

i) and 
(tree

P

(hg

2

; 
; nili)), respe
tively, su
h that

for all an
estors s

0

and r

0

of s and r respe
tively, with the same path, s

0

and r

0

are equivalent with respe
t to delay, G

s

� G

r

, D

s

� D

r

:: D

1

, and 


s

$ (


1

^


r

);

|
(hg

2

; 


1

; D

1

i) = hg

2

; 


1

; D

1

i and 
(hg

2

; 
; nili) = hg

2

; 
; nili;

|
 is its own inverse.4

Proof. Let us reason by indu
tion. In the base 
ase the only non failure nodes

are the root nodes. It is 
lear that the 
onditions are satis�ed for the identity

renaming 
 sin
e we have that D

1

� nil : D

1

and, sin
e 


1

! 
, we also have

that 


1

! 
 ^ 


1

. Consider now that there exists a 


0

for whi
h the 
onditions are

satis�ed for all an
estors s

0

and r

0

of non failure nodes s and r, respe
tively, and

let us prove there also exists a 
 for whi
h the 
onditions are satis�ed for s and r.

Let r

0

� hG

0

r

; 


0

r

; D

0

r

i. Then, by assumption, s

0

� hG

0

r

; 


1

^ 


0

r

; D

0

r

:: D

1

i.

Let us �rst 
onsider the 
ase in whi
h some atom is woken up. By assumption

of equivalen
e with respe
t to delay we have that 8a 2 D

1

: delay(a; 


1

^ 


0

r

) holds.

Thus, no atom in D

1

will be awoken in s

0

. Therefore, if some atom is woken up the

atom must belong to D

0

r

. Now, also by assumption of equivalen
e with respe
t to

delay we have that 8a 2 D

0

r

: delay(a; 


1

^ 


0

r

) i� delay(a; 


0

r

). Thus, if some a 2 D

0

r

wakes up in r

0

, it will also wake up in s

0

and vi
e-versa. Thus we have that if

G

a

� woken(D

0

r

; 


0

r

) then G

a

� woken(D

0

r

:: D

1

; 


1

^ 


0

r

). It follows that, for 


0

� 


we have r � hG

a

: G

0

r

; 


0

r

; D

0

r

nG

a

i and s � hG

a

: G

0

r

; 


1

^ 


0

r

; (D

0

r

nG

a

) :: D

1

i, and

thus all 
onditions remain satis�ed.

Let us now 
onsider the 
ase in whi
h no atom is woken up. Let G

0

r

� 


0

: G

r

where 


0

is a 
onstraint. Then for 


0

� 
 we have that r � hG

r

; 


0

^ 


0

r

; D

0

r

i and

s � hG

r

; 


1

^ 


0

^ 


0

r

; D

0

r

:: D

1

i, and thus all 
onditions remain satis�ed. Otherwise,

G

0

r

� a : G

r

where a is an atom. By assumption of equivalen
e with respe
t to

delay of r

0

and s

0

we have that delay(a; 


0

r

) i� delay(a; 


1

^


0

r

). If delay(a; 


0

r

) holds,

then for 


0

� 
 we have that r � hG

r

; 


0

r

; a : D

0

r

i and s � hG

r

; 


1

^ 


0

r

; a : D

0

r

:: D

1

i,

and thus all 
onditions remain satis�ed. If delay(a; 


0

r

) does not hold 
 is built as

in Lemma 4.3 and r � hB : G

r

; 


0

r

; D

0

r

i and s � hB : G

r

; 


1

^ 


0

r

; D

0

r

:: D

1

i, and thus

all 
onditions remain satis�ed.

Given the above lemma we 
an now ensure the following:

Theorem 8.8. Let P be a program, hg

1

: g

2

: G; 
; nili a state, and 
 a re-

naming satisfying Lemma 8.7 for states hg

2

; 


1

; D

1

i and hg

2

; 
; nili. Parallel ex-

e
ution of g

1

and g

2

is eÆ
ient, 
orre
t and operationally 
orre
t if for every

h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili), the sear
h spa
es of hg

2

; 
; nili and hg

2

; 


1

; D

1

i are

the same for P , and for every two non failure nodes s and r with the same path in

tree

P

(hg

2

; 


1

; D

1

i) and 
(tree

P

(hg

2

; 
; nili)), s and r are equivalent with respe
t to

delay.4

Proof. By de�nition of sear
h spa
e preservation, there exists a bije
tion whi
h

assigns to every �nal state r � hG

r

; 


r

; D

r

i in tree

P

(hg

2

; 
i) a �nal state s �

hG

s

; 


s

; D

s

i with the same path in 
(tree

P

(hg

2

; 


1

i)), thus establishing a bije
tion
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among the answers. Also, sin
e 


1

2 ans

P

(hg

1

; 
i) we 
an ensure that 


1

! 
. By

assumption s and r are equivalent with respe
t to delay. Thus, by Lemma 8.7,




s

$ 


1

^ 


r

and D

s

� D

r

:: D

1

, and we have proved 
orre
tness. Sin
e the

bije
tion is among answers with the same path, we have also proved operational


orre
tness. Sin
e s is a �nal state, hnil; 


1

^ 


r

; D

r

:: D

1

i is also a �nal state and

by Theorem 8.3 we have proved eÆ
ien
y.

In this 
ontext, strong independen
e is aimed at dete
ting goals whose paral-

lelization, when exe
uted in di�erent environments, is guaranteed to be 
orre
t,

eÆ
ient, and to preserve the order of answers. Thus the de�nition we require is the

following:

De�nition 8.9. Goal g

2

is strongly independent of goal g

1

for 
onstraint 
, the

empty sequen
e of delayed atoms, and program P i� 8h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili)

and 8h


r

; D

r

i 2 pans

P

(hg

2

; 
; nili) :

� 
onsistent(


1

^ 


r

) holds,

� 8a 2 D

r

: delay(a; 


r

) i� delay(a; 


1

^ 


r

),

� 8a 2 D

1

: delay(a; 


1

^ 


r

) holds.4

The de�nition 
an be extended to a set of goals analogously to De�nition 5.6. We


an also extend the de�nition of weak independen
e and sear
h independen
e in a

similar fashion. The last two 
onditions in the above de�nition 
an be equivalently

expressed as hnil; 


r

; D

r

i and hnil; 


1

^ 


r

; D

r

:: D

1

i are equivalent with respe
t to

delay. Given this de�nition, it is easy to prove the following results.

Theorem 8.10. Goal g

2

is strongly independent of goal g

1

for 
onstraint 
,

empty sequen
e of delayed atoms, and program P if 8h


1

; D

1

i 2 ans

P

(hg

1

; 
; nili),

the sear
h spa
es of hg

2

; 
; nili and hg

2

; 


1

; D

1

i are the same for P , and there exists

a renaming 
 su
h that for every two non failure nodes s and r with the same path

in tree

P

(hg

2

; 


1

; D

1

i) and 
(tree

P

(hg

2

; 
; nili)), s and r are equivalent with respe
t

to delay.4

Corolary 8.11. If goal g

2

is strongly independent of goal g

1

for 
onstraint 
, the

empty sequen
e of delayed atoms, and program P then the parallel exe
ution of g

1

and g

2

is 
orre
t, operationally 
orre
t, and eÆ
ient for 
 and P .4

8.3 Independen
e in the General Case

We now 
onsider the general 
ase in whi
h the initial sequen
e of delayed atoms D

may be non empty. We must �rst de�ne the and-parallel model and, in parti
ular, to

the \
onjoin" operation. This operation|
onjoining the sequen
e of delayed atoms

asso
iated to the answers obtained in the parallel exe
ution|must be done in su
h

a way that the resulting sequen
e preserves the order among atoms established by

the sequential exe
ution.

We de�ne the 
onjoin operation as follows: D

s

is obtained in the and-parallel

model as

(D

r

nD) :: (D

1

n (D nD

r

)):

The intuition behind the above operation is that we have to eliminate from D

1

the

atoms woken by hg

2

; 
;Di (represented by D n D

r

) and then add the atoms left
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delayed by hg

2

; 
;Di whi
h do not belong to the initial sequen
e (represented by

(D

r

nD)).

With this de�nition, the results obtained in the previous se
tions regarding the


hara
teristi
s of both sear
h spa
e preservation and strong independen
e 
an be

extended to this new 
ontext in a straightforward way.

8.4 Ensuring Independen
e \A Priori"

As mentioned earlier, it is important to �nd \a priori" 
onditions whi
h ensure in-

dependen
e. In this se
tion we extend the earlier notion of proje
tion independen
e

to the broader 
ontext of languages with dynami
 s
heduling. Consider two goals

g

1

and g

2

whi
h are proje
tion independent for 
onstraint 
. If the sequen
e of de-

layed atoms D is empty, then we 
an ensure that the goals are sear
h independent

by simply dete
ting that the above 
ondition holds. The intuition behind this fa
t

is that if there are no delayed atoms before the exe
ution of the goals, and they


annot a�e
t the domain of ea
h other's variables, then their partial answers will be


onsistent and the instantiation state of their variables will not 
hange no matter

whether one is exe
uted before or after the other, thus not a�e
ting the atoms left

delayed by the other goal. Formally, this is stated as follows

Theorem 8.12. Goal g

2

is sear
h independent of goal g

1

for program P , 
on-

straint store 
, and empty sequen
e of delayed atoms D if the goals are proje
tion

independent for P and 
.4

Of 
ourse sear
h independen
e still implies weak and strong independen
e.

A di�eren
e with respe
t to the previous 
ases does arise, however, when the

initial sequen
e of delayed atomsD is not empty. In this 
ase the suÆ
ient 
ondition

must take into a

ount the 
onstraints established on the variables whi
h appear in

the delayed atoms. The reason is that atoms woken during the exe
ution of either

g

1

(�x) or g

2

(�y) may introdu
e new 
onstraints involving variables in both �x and �y.

The solution proposed is to ensure that D 
an be partitioned into two sequen
es

in su
h a way that if we asso
iate them to g

1

(�x) and g

2

(�y) respe
tively, the two

new goals are proje
tion independent for the given 
. While the �rst sequen
e


orresponds to the delayed literals that depend on g

1

(�x), the se
ond one 
orresponds

to those that depend on g

2

(�y). If there exist delayed atoms whi
h depend on neither

g

1

(�x) nor g

2

(�y), they 
an be 
on
atenated to either of the two sequen
es.

De�nition 8.13. Goals g

1

and g

2

are proje
tion independent for 
onstraint 
 and

sequen
e of delayed atoms D i� D 
an be partitioned into two sequen
es D

1

and

D

2

su
h that the goals g

1

: D

1

and g

2

: D

2

are proje
tion independent for 
. 4

Theorem 8.14. Goal g

2

is sear
h independent of goals g

1

for 
onstraint 
 and

sequen
e of delayed atoms D if the goals are proje
tion independent for 
 and D.4

The proof follows dire
tly from Theorem 8.12. Again, sear
h independen
e also

implies weak and strong independen
e.

9 CONCLUSIONS AND FUTURE WORK

We have shown how a simple extrapolation of the logi
 programming-based de�ni-

tions of independen
e to CLP turns out to be both not general enough in some 
ases
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and erroneous in others, and identi�ed the need in CLP for de�ning 
on
epts of

independen
e both at the sear
h level and at the solver level. Several su
h 
on
epts

have been presented and shown to be relevant to several 
lasses of appli
ations. We

have also proposed suÆ
ient 
onditions for the 
on
epts of independen
e proposed,

whi
h are easier to dete
t at run-time than the original de�nitions. Finally, we have

extended our results to deal with CLP languages with dynami
 s
heduling.

Our results also provide insight into the theory of independen
e for logi
 pro-

grams. The 
on
epts proposed, when restri
ted to 
onventional logi
 programming,

are equivalent to the traditional notions. They make expli
it hidden assumptions

related to properties of the standard uni�
ation algorithm and 
larify the relation-

ships between independen
e and sear
h spa
e preservation.

It is our belief that using the 
on
epts of independen
e presented the range of

appli
ations of independen
e-related optimizations 
an be even larger in CLP than

in logi
 programming.

One 
lear topi
 for future work is to develop analyses for determining indepen-

den
e at 
ompile-time. One step in this dire
tion is the analysis based on the LSign

domain de�ned in Marriott and Stu
key [1994℄. In this 
ase the most straightfor-

ward approa
h is to apply the de�nitions dire
tly { the fa
t that the de�nitions

are in terms of the run-time answer 
onstraints is not so mu
h of a problem, sin
e

the problem of predi
ting the state of the store after the exe
ution of the goals is

probably no more diÆ
ult than determining its state before su
h exe
ution.

Another 
lear topi
 for future work is to apply the results to pra
ti
al optimiza-

tion tools for CLP languages. First, we are in the pro
ess of developing automati


parallelization tools based on these ideas. It appears feasible to extend the for-

mal te
hniques that have been developed for this purpose in the 
ontext of logi


programming, by using the herein proposed notions of independen
e [Bueno et al.

1999℄. And, although the topi
 
ertainly requires more study, preliminary experi-

ments 
on�rm that useful speedups 
an be obtained automati
ally in pra
ti
e by

parallelizing independent goals [Gar
��a de la Banda et al. 1996℄. Also, it appears

possible to exploit more �ne-grained forms of and-parallelism, provided the def-

inition of independen
e is applied at the appropriate level: for example, stream

and-parallelism 
an be exploited in CLP programs by 
onsidering the indepen-

den
e notions at the level of individual 
onstraints rather than goals [Bueno et al.

1998℄.

Se
ond, we have developed tools for reordering-based program optimization in the


ontext of CLP languages without dynami
 s
heduling [Kelly et al. 1996℄. However,

reordering is even more interesting for the 
ase of dynami
 s
heduling be
ause the

pro
ess of delaying a goal involves run-time overhead. A
tually, dynami
 s
heduling


an be seen as a run-time form of goal reordering, while the reordering optimization

moves the position of goals at 
ompile-time. The topi
 of reordering in the 
ontext

of dynami
 s
heduling, in whi
h independen
e 
an also be instrumental, is dealt

with in more detail in Puebla et al. [1997℄.

Finally, our results 
an be used to dete
t \stability" [Janson and Haridi 1991℄.

This notion is used in the Andorra family of languages in general, and in the AKL

language in parti
ular, as the rule for 
ontrol of one of the basi
 operations of the

language { global forking. This operation amounts to starting and-parallel exe
u-

tion of a goal whi
h is non deterministi
. Stability for a goal is de�ned informally
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as being in a state in whi
h other goals running in parallel with it will not a�e
t

its exe
ution. This is of 
ourse an unde
idable notion, and in pra
ti
e suÆ
ient


onditions are used in a
tual implementations. In parti
ular, in the �rst implemen-

tation of AKL, restri
ted to the Herbrand domain, the stability 
ondition used is

a
tually the 
lassi
al notion of stri
t independen
e for logi
 programming [Franzen

1992℄. Sin
e the AKL language is de�ned to be a 
onstraint language, the notion of

stability has to be generalized to the 
onstraint level. As we have shown, general-

ization 
annot be done by dire
tly applying naive liftings of the logi
 programming


on
epts of independen
e. We believe that the results presented in this paper will

be of dire
t appli
ation.
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