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Abstract

We investigate the complexity of preorder checking when the specification is a flat finite-state
system whereas the implementation is either a non-flat finite-state system or a standard timed au-
tomaton. In both cases, we show that simulation checking is EXPTIME-hard, and for the case of
a non-flat implementation, the result holds even if there is no synchronization between the parallel
components and their alphabets of actions are pairwise disjoint. Moreover, we show that the con-
sidered problems become PSPACE-complete when the specification is assumed to be deterministic.
Additionally, we establish that comparing a synchronous non-flat system with no hiding and a flat
system is PSPACE-hard for any relation between trace containment and bisimulation equivalence.

1 Introduction

One popular approach to formal verification of reactive systems is equivalence/preorder checking be-
tween a specification and an implementation which formally describe at a different level of abstraction
a given system. This scenario may arise either because the design is being carried out in an incremental
fashion, or because the system is too complex and an abstraction needs to be used to verify its properties.
In this context, the verification problem is mathematically formulated as a question whether a behav-
ioral equivalence or preorder holds between the labeled state-transition graphs of the specification and
the implementation. Decidability and complexity issues for equivalence/preorder checking have been ad-
dressed for various computational models of reactive systems (see [10] for a survey of the existing results
for infinite-state systems). Moreover, many notions of equivalences or preorders have been investigated,
which turn out to be useful for specific aims. Van Glabbeek [21] classified such equivalences/preorders
in a hierarchy, where bisimulation equivalence is the finest and trace containment is the coarsest.

Non-flat finite-state systems. Finite-state systems are a natural and a primary target in formal verifica-
tion. When the systems are given as explicit (flat) state-transition graphs, then many relevant verification
problems are tractable. For example, simulation-preorder checking and bisimulation-equivalence check-
ing are PTIME-complete [2, [15]. However, in a concurrent setting, the system under consideration is
typically the parallel composition of many components (we call such systems non-flat systems). As a
consequence, the size of the global state-transition graph is usually exponential in the size of the system
presentation. This phenomenon is known as ‘state explosion’, and coping with this problem is one of
the most important issues in computer-aided verification. From a theoretical point of view, the goal is to
understand better which verification problems have to face state explosion in an intrinsic way and which
special manner of combining subsystems could avoid state explosion.

Different models of non-flat systems have been investigated. The simplest one is the fully asyn-
chronous model (synchronization-free non-flat systems), where at each step exactly one component per-
forms a transition [20, [13]. For more complex models, the components can communicate by shared
actions (or by access to shared variables), and, additionally, actions may be ‘hidden’ (i.e., replaced
by some special action) after the parallel composition [7, 12} [14]. For synchronization-free non-flat
systems, some problems in equivalence/preorder checking are still tractable. In particular, Groote and
Moller [S]] have shown that if the alphabets of actions of the components are assumed to be pairwise
disjoint, then checking bisimulation equivalence (and other equivalences which satisfy a certain set of
axioms) is PTIME-complete. Moreover, for these systems and also for basic synchronous non-flat sys-
tems with no hiding (where the components are forced to synchronize on shared actions), checking
trace containment/equivalence has the same complexity as for flat systems, i.e. it is PSPACE-complete
[17, 20]. Simulation-preoder checking and bisimulation-equivalence checking for synchronous non-flat



systems (with or without hiding) are hard, since they are EXPTIME-complete [9, 4, [11} [16]. Checking
whether a synchronous non-flat system (where the communication is allowed by access to shared vari-
ables) is simulated by a flat system remains EXPTIME-hard [4]. Moreover, Rabinovich [14] has shown
that preorder/equivalence checking between a synchronous non-flat system with hiding and a flat system
is PSPACE-hard for any relation between trace containment and bisimulation. More recently, Muscholl
and Walukiewicz [13] have obtained a surprising result: checking whether a deterministic flat system
is simulated by a synchronization-free non-flat system whose components are deterministic remains
ExPTIME-hard. The exact complexity for the converse direction, i.e., whether a synchronization-free
non-flat system is simulated by a flat system is open.

Timed automata. Timed automata (TA) introduced by Alur and Dill [1]] are a widely accepted formal-
ism to model the behavior of real-time systems. Equivalence/preorder checking for this infinite-state
computational model has been addressed in many papers. Timed language containment/equivalence is
undecidable [[1]]. Timed bisimulation and timed simulation have been shown to be decidable and in EX-
PTIME in [[19]] and [18]], respectively; matching lower bounds have been given in [11l]. Time-abstract
simulation and time-abstract bisimulation have been considered in [6] and are in EXPTIME.

Our contribution. We investigate the complexity of preorder checking when the specification is a flat
system and the implementation is either a timed automaton or a non-flat system. Note that the considered
setting is relevant since the specification is more abstract than the implementation, and, thus, it is usually
described by a simple formalism. The results obtained are as follows:

e Checking whether a timed automaton is time-abstract simulated by a flat system is EXPTIME-hard.

e Checking whether a synchronization-free non-flat system is simulated by a flat system is EXPTIME-
hard even if the components of the implementation are assumed to be deterministic and with pair-
wise disjoint alphabets of actions.

e The two problems above are PSPACE-hard if the specification is deterministic.

e Comparing a synchronous non-flat system with no hiding and a flat system is PSPACE-hard for any
relation lying in between trace containment and bisimilarity.

Our first result in a sense improves the EXPTIME-hardness result for timed simulation between timed
automata, by showing that checking timed-abstract simulation remains EXPTIME-hard even if one of
the compared TA is replaced by a flat (finite-state) system. Regarding our second and third results, they
imply that refinement checking of non-flat systems is intractable even for the simplest model (action-
based parallel compositions of deterministic components with pairwise disjoint alphabets) and even if the
specification is flat (note that for deterministic specifications, simulation preorder and trace containment
are equivalent notions). Finally, our fourth result significantly strengthens the PSPACE-hardness result of
Rabinovich [14] in which hiding is involved.

It is interesting to observe that our second result is surprising for the following reasons: if the al-
phabets of the components are assumed to be pairwise disjoint, then bisimulation checking between
non-flat systems is in PTIME [3]], and simulation checking between a flat implementation and a non-flat
specification (i.e., whether a flat system is simulated by a non-flat system) is in PTIME as well [13]E]

Note that the lower bounds for the first three problems are optimal since they match well-known
upper bounds in the literature (see Section 2). Due to lack of space, for the omitted details we refer the
interested reader to a forthcoming extended version of this paper.

lin [13]}, membership in PTIME is shown for the case in which the components of the specification and the implementations
are assumed to be deterministic. However, the proof can be easily extended to the case in which this requirement is relaxed.



2 Preliminaries

Labeled transition systems and simulation preorder. A labeled transition system (LTS) over a (possi-
bly infinite) set of actions Act is a tuple G = (Act, S, s0,A), where S is a (possibly infinite) set of states,
so € S is a designated initial state, and A C S X Act x § is the transition relation. A transition (s,a,s’) € A
is denoted by s = s'. We say that G is deterministic if for all s € S and a € Act, there is at most one
transition of the form s % s for some state s’. The set of traces of G, Tr(G), is the set of finite words
ai,...,a, over Act such that there is a path in G from the initial state of the form s a, S1...Sn—1 Ln, Sp.

An Act-labeled tree is an unordered finite or infinite tree whose edges are labeled by actions in Act.
Note that an Act-labeled tree is a particular LTS over Act whose initial state is the root. For a LTS G over
Act and a state s of G, the unwinding of G from s, written Unw(G,s), is the Act-labeled tree defined in
the usual way.

Given two LTS G| = <Act1,Sl,s(1),A1> and Gy = <Act2,Sg,sg,A2>, a simulation from G to G is a
relation R C S x S, satisfying the following for all (s1,s2) € R: if 51 4 s’1 € Ay for some state s’1 €S
and a € Acty, then there is some state s), € Sy so that s, N sh € Ay and (s],s5) € R. If, additionally,
the inverse of & is a simulation from G, to G, then we say that & is a bisimulation from G| to G,.
Given states s; € S and s, € S, we say that sy is simulated by s, (resp., s| and s, are bisimilar) if there
is a simulation (resp., bisimulation) R from G to G such that (s1,s2) € K. The simulation preorder
= (resp., the bisimulation equivalence ~;) is the binary relation over LTS defined as: G; < G, (resp.,
G1 ~pis Go) iff the initial state 5(1) of G is simulated by the initial state sg of G (resp., 5(1) and sg are
bisimilar). Moreover, the trace containment preorder C,, is defined as: G C,, Gy iff Tr(G1) C Tr(Ga).
Note that for each < € {~pis, =, 5}, GI D Go iff Unw(Gy,s9) QUnw(Ga,s9).

Flat and Non-flat systems. A flat system (FS) is an LTS 4 = (Act, Q,qo,A) such that Act and the set
of states Q are both finite. The size of 4 is | 4| = |Q| +]A|.

A synchronization-free Non-Flat System (NFS) is a tuple S = (4,..., 4;)sr such that each compo-
nent 4; = (Act;, 0, q),A;) is a FS. S induces the FS [[S] given by

ik
ST = (JAct;, 01 x ... x Ok, (4}, --..4), AsF)

i=1

where Agp is defined as follows: ((q1,...,qx).a,(q},---,q,)) € Asr iff for some i, (g;,a,q}) € A; and for
all j # i, we have ¢; = g;.

We also consider synchronous NFS S = (4y,..., 4), where the components 4; = (Act;, 0i,q%, A;)
communicate by synchronization on common actions. Formally, § induces the FS given by

i=k
[[5]] = <UACti7Q1 XX Qk7 (q(l)v . 7qg)7A>
i=1

where A is defined as folows: ((¢1,...,qk),a,(q},.-.,q;)) € Aiff foreach i, (¢i,a,q;) € A; if a € Act;, and
q: = g otherwise. Note that all the components 4; such that a € Act; must perform a transition labeled
by a. Moreover, note that if distinct components have no actions in common, then [(4y,...,4)] =

[(4i,...,4)sr]. The size of S is S| = Y21 | 4.

Timed automata. Let R>( be the set of non-negative reals. Fix a finite set of clock variables X. The
set C(X) of clock constraints (over X) is the set of boolean combinations of formulas of the form x < ¢
or x < ¢, where x € X, and c is a natural number. A (clock) valuation (over X) is a function v: X — Rxq



that maps every clock to a non-negative real number. Whether a valuation v satisfies a clock constraint
g € C(X), denoted v = g, is defined in a natural way. For ¢ € R>, the valuation v+ is defined as
(v+1)(x) =v(x)+t forall x € X. For Y C X, the valuation v[Y := 0] is defined as (v[Y :=0])(x) = 0 if
x €Y and (v[Y :=0])(x) = v(x) otherwise.

Definition 1. [1] A timed automaton (TA) over a finite set of actions Act is a tuple T = (Act, X, Q,qo,pP),
where Q is a finite set of locations, qo € Q is the initial location, and p C Q x Act x C(X) x2X x Q is a
finite transition relation.

The TA 7 induces an infinite-state LTS [ 7] = (R x Act,S,s0,A) over R> X Act, where S is the

set of pairs (g, v) such that ¢ € Q and v is a clock valuation, so = (go, 0 ) (6> assigns to each clock value
t,a)

0), and A is defined as follows: (g,v) La), (¢',V") € A iff there is a transition (¢,a,g,Y,q’) € p such that
v+t EgandV = (v+1)[Y :=0].
The abstract LTS associated with T is [T]ups = (Act, S, 50, Aaps)> Where (q,v) 2 (¢',V') € Aaps iff

(q,v) ), (¢',V') € Afor somet > 0. We say that ‘T is strongly timed-deterministic if [T ]| 45 is determin-

istic and for each (g,v) % (¢',V') € Aups, there is exactly one timestamp ¢ such that (g, v) a), (¢',V) eA.

Investigated problems. We consider the following decision problems:

Problem 1: given a TA 7 and a FS B, does 7 [|s»s < B hold?
Problem 2: given a synchronization-free NFS § and a FS B, does [[S] < B hold?
Problem 3(<0): given a synchronous NFS S and a FS B, does [[S] < B hold?

where < is a fixed binary relation on LTS. We also consider the deferministic versions of Problems 1 and
2, where the FS B above is assumed to be deterministic.

Theorem 1. Problems 1 and 2 are in EXPTIME, while their deterministic versions are in PSPACE.

Proof. Membership in EXPTIME for Problems 1 and 2 directly follows from the following:
Fact 1 [2]: given two FS A4, and 4,, checking whether 4; < 4, is in PTIME.

Fact 2: for a NFS , the size of the FS [[5] is singly exponential in the size of S.

Fact 3 [6]: given two TA 7; and ‘T, checking whether [ ]| aps = [Z2]Japs is in EXPTIME.

Membership in PSPACE for the deterministic versions of Problems 1 and 2 directly follows from
Fact 2 and the following:
Fact 4: for two LTS G| and G, such that G is deterministic, G| = G iff G 5, Go.
Fact 5 [1]: given a TA 7, one can construct a FS A (region automaton) of size singly exponential in
the size of 7 such that Tr(Az) = Tr([T || aps)-
Fact 6: given a deterministic FS 4 over Act, one can trivially construct in linear-time a standard finite-
state automaton which accepts all and only the words in Act* \ Tr(A4).
Fact 7 [8]: checking emptiness of the intersection of the languages accepted by two (nondeterministic)
finite-state automata is in NLOGSPACE. O

In the rest of this paper, we provide lower bounds for Problems 1 and 2 (and their deterministic ver-
sions) which match the upper bounds of Theorem [T} Moreover, we show that Problem 3(<) is PSPACE-
hard for any binary relation < lying in between trace containment and bisimulation equivalence.

3 ExPTIME-hardness of Problems 1 and 2

In this section, we show that Problems 1 and 2 are both EXPTIME-hard by polynomial-time reductions
from the acceptance problem for linearly-bounded alternating Turing Machines (TM) with a binary
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branching degree, which is EXPTIME-complete [3].

In the rest of this section, we fix such a TM machine M = (A, Q = QyUQ3U{qucc:Grej}q0,9,{qacc }),
where A is the input alphabet, O3 (resp., Qv) is the set of existential (resp., universal) states, go is the
initial state, gucc ¢ Qv U Q3 is the (terminal) accepting state, g,.; ¢ Qv U Qs is the (terminal) rejecting
state, and 8 : (QvUQ3) XA — (O x A x {+1,—1}) x (Q x A x {41,—1}) is the transition function. In
each non-terminal step (i.e., the current state is in Qy U Q5), M overwrites the tape cell being scanned,
and the tape head moves one position to the left (—1) or right (+1). Moreover, we fix an input o0 € A*
and consider the parameter n = |c|.

Since M is linearly bounded, w.l.0.g. we assume that M uses exactly n tape cells when started on
the input .. Hence, a TM configuration (of M over o) is a word C = By, (a,q),B2 € A*- (A x Q) - A* of
length exactly n denoting that the tape content is B, a, B2, the current state is g, and the tape head is at
position |B;|+ 1. The initial configuration Cy is given by (a(1),g0),0(2),...,0(n). Moreover, w.l.o.g.
we assume that when started on Cy, no matter what are the universal and existential choices, M always
halts by reaching a terminal configuration C, i.e. such that the associated state, denoted by ¢(C), is in
{qacc:qrej} (this assumption is standard, see [3]).

It is convenient to define the notion of acceptance of M as follows. For each g € Q, define Val(g) = 1
if ¢ = Gacc, and Val (q) = 0 otherwise. A (full) pseudo-computation tree T of M from a TM configuration
C is a binary tree whose nodes are labeled by TM configurations and such that the root is labeled by C,
the internal nodes have two children, and the leaves are labeled by terminal configurations. If T is
finite, then its boolean value Val(T) € {0,1} is defined as follows. If T consists just of the root, then
Val(T) = Val(q(C)). Otherwise, let Ty and T be the trees rooted at the children of the root of T.
Then, Val(T) is Val(T;) V Val(Tg) if ¢(C) € Q3, and Val(Ty) A Val(Tg) otherwise. The tree T' leads to
acceptance if Val(T) = 1. A (full) computation tree is a pseudo-computation tree which is faithful to the
evolution of M. M accepts a iff the computation tree of M over Cy, which by our assumption is finite,
leads to acceptance.

In the rest of this section, we show that it is possible to construct in polynomial time (in the sizes of
the fixed TM M and input o) an instance I of Problem 1 (resp., Problem 2) such that M accepts o iff
the instance I has a positive answer.

Preliminary step: encoding of acceptance by simulation. Before illustrating the polynomial reduc-
tions to Problems 1 and 2 (in Subsections [3.1] and [3.2] respectively), we consider a preliminary step in
which we define for a given finite set of actions Act and a given encoding of the TM configurations by
words over Act, two Act-labeled trees ETc, and VT c,),1 such that M accepts the fixed input o iff the
root of ETg, is simulated by the root of VTyc,) 1. The tree ETc, is finite and deterministic, and it is a
natural encoding of the computation tree of M over Cy, while the tree VT, (¢, 1 is infinite and nondeter-
ministic, and encodes in a suitable way all the possible finite pseudo-computation trees of M which lead
to acceptance. The two encodings ensure that the root of ETc, is simulated by the root of VT ¢,y 1 iff
ETc, is ‘contained” in VT ¢,y 1, 1.e. the full computation tree of M over o leads to acceptance. Now, we
define these trees.

Assumptions: we assume that Act O QU (Q x {0,1}) U{L,R} and each TM configuration C is encoded
by a finite word over Act, denoted by code(C). We denote by Codes the finite set of these codes, which
are assumed to have the same length. The precise definition of Act and Codes will depend on the specific
problem we consider (either Problem 1 or Problem 2).

For each code € Codes, let T4, be the finite Act-labeled tree, which is a chain and whose unique
maximal path from the root is labeled by code. For a non-terminal configuration C = By, (a,q),B> (i.e.,
such that ¢ € Qy U Q3), succr(C) (resp., succg(C)) denotes the TM successor of C obtained by choosing
the left (resp., right) triple in 8(q,a). A good configuration is a configuration reachable from Cy,.



Definition 2. [Emulation trees| For each good TM configuration C, the finite deterministic Act-labeled
emulation tree of M from C, denoted by ETg, is inductively defined as follows. The tree ET¢ is obtained
from T o4e(c) by adding an edge from the leaf Xu of Toqe(c) (main node of level 0) to a new node x,
(choice node of level 0) such that:

e Cisterminal: x. is a leaf and the edge from x,, to x, is labeled by (q(C),Val(g(C))).

e C is not terminal: let Cp, = succr(C) and Cg = succg(C). Then, x. has two children x;, and xg so
that the subtree rooted at xi, (resp., Xg) is isomorphic to ET¢, (resp., ETc,). The edge from the
main node xy, to the choice node x. is labeled by q(C), and the edge from x. to xi, (resp., to xg) is
labeled by L (resp., R).

The structure of the emulation trees E7¢ is depicted in Figure|l} The boolean value Val(ET¢) of ET¢ is
the boolean value of the computation tree of M from C.

Remark 1. M accepts o iff Val(ETc,,) = 1.

Tree ET¢ I Tree ETc |
C is non-terminal “Teode(c) C is terminal “Teode(c)

X, (main node of level 0) Xm

l (¢(C),Val(4(C)))

Xc (choice node of level 0) X

Cr = sucer(C)
Cg = succg(C)

Figure 1: Structure of the Act-labeled emulation tree E7¢ for a good TM configuration C.

Let Toqes be the tree encoding of Codes, i.e. the unique deterministic finite Act-labeled tree such that the
set of sequences of edge-labels associated with all maximal paths from the root is exactly Codes. For all
g € Q and boolean value b € {0, 1}, let Choices,, be the non-empty finite set of pairs ((g1,b1),(g2,b2))
such that g;,q2 € Q, by,by, € {0,1}, and b; V by = b if g is an existential state, and b; A b, = b otherwise.

Definition 3. [Valuation trees) For all g € Q and b € {0, 1}, the Act-labeled (q,b)-valuation tree of M,
denoted by VT, is the Act-labeled infinite tree satisfying the following. VT, is obtained from Tcoges
by adding for each leaf y,, (main node of level 0) of Tcqes exactly |Choices, | edges from y,, labeled
by q and one edge from y,, to a leaf node labeled by (q,b). Moreover, for each ((qr,br),(qr,br)) €
Choices, , one of these new edges labeled by q leads to a node y. (choice node of level 0) so that: (1) y.
has two children y;, and yg, (2) the edge from y. to yy, (resp., to yg) is labeled by L (resp., R), and (3) the
subtree rooted at yy (resp., yr) is isomorphic to VT, p, (resp., VT, b, ). Note that the subtrees rooted at
the main nodes of level 0 are isomorphic. The structure of VT, is depicted in Figure

Lemma 1. Fix a good TM configuration C, a state g € Q, and b € {0,1}. Then, the root of ET¢ is
simulated by the root of VT, iff ¢ = q(C) and b = Val (ETc).

Lemma (1| can be easily proved by structural induction over the (finite) tree E7¢. By Remark 1| and
Lemmal|I] we obtain the following result.

Lemma 2. M accepts o iff the root of ET¢, is simulated by the root of VT(co)1-



Tree VT,

: e : choice nodes of level 0 for all
T'Cudes ((qL7bL)7 (qubR» € ChOl'(,‘eSq.b

Ym : main nodes of level 0
(the subtrees rooted at these nodes

b
are isomorphic) (a:5)

Vb,

Figure 2: Structure of the infinite Act-labeled valuation tree VT, 5.

3.1 EXxpTiME-hardness of Problem 1

In the case of Problem 1, the set Act of actions is given by
Act = QU(Q x {0,1}) U{LRYUAU (A x Q) U{Ao. M }

The code of each TM configuration C = C(1),...,C(n) is the word over Act of length 3n defined as:

code(C) = hy,C(1),Ay,...,h0,C(n), A

Note that each symbol u € AU (A x Q) is encoded by the word Ag,u,A;. Let K be the size of AU (A x Q).
We fix an ordering {ay,...,ax} of the elements in AU (A x Q) and we associate to each g; the timestamp
T(a;) given by i.

We construct a strongly timed-deterministic TA 7, over Act and a nondeterministic FS 4,,; over Act
of sizes polynomial in the sizes of the fixed TM M and input o so that: the unwinding of [Z,, ] .»s from
its initial state is the emulation tree E7¢, of Definition[2] and the unwinding of 4, from its initial state is
the valuation tree VT, 1 of Deﬁnition By Lemm it follows that M accepts o iff [ Lo | aps < Avar-
Hence, EXPTIME-hardness of Problem 1 follows.

Theorem 2. Given a TA T and a nondeterministic FS A4, checking whether [T || sps < A is EXPTIME-
hard, even if the TA T is assumed to be strongly timed-deterministic.

In the rest of this subsection, we illustrate the construction of 7., (the construction of 4, is an easy
task).

Note that for a TM configuration C = C(1),...,C(n), the ‘value’ u; of the i-th symbol of the left (resp.,
right) successor of C is completely determined by the values C(i — 1), C(i) and C(i+ 1) (taking C(i + 1)
fori=nand C(i—1) fori = 1 to be some special symbol, say ). We denote by next(C(i—1),C(i),C(i+
1) (resp., nextg(C(i —1),C(i),C(i+ 1)) our expectation for u; (these functions can be trivially obtained
from the transition function & of the fixed TM M).

T,m uses n+ 1 clocks xg,x1,...,x, in order to ensure a correct emulation of the evolution of M.
Clock xg is reset on generating the special action A; (and only in this circumstance). On generating the
special action Ao, we require (xo = 0) to hold, on generating u € AU (A x Q), we require (xo = T(u«))
to hold, and on generating A;, we require (xo = K) to hold. This ensures that the durations of the
consecutive three steps at which the code Ag,u,A; of u € AU (A x Q) is generated are 0, t(«), and
K —(u), respectively. Hence, the overall duration of these steps is exactly K (independent on the specific
action u € AU (A x Q)). Moreover, the overall duration of the sequence of steps at which a code code(C)
is generated is exactly nK. Furthermore, whenever an action u € AU (A x Q) is generated from a location
associated with the i-th symbol of a TM configuration C, clock x; is reset (and only in this circumstance).
This ensures that when the special action Ay, associated with the i-th symbol of the next generated TM



configuration Cy; with dir € {L,R}, has to be generated, the following holds: the value of clock x; is
exactly nK — t(C(i)) and (assuming i < n) the value of clock x;y; is exactly (n— 1)K —1(C(i + 1)).
Thus, 7,,, will time-deterministically move (by taking a transition whose action is Ay and whose clock
constraint is xo = 0 A x; = nK —t(C(i)) A xiy1 = (n— 1)K —1(C(i + 1)) to a location of the form p =
(i,C(i—1),C(i),C(i+ 1),dir,...), where the ‘value’ C(i — 1) is ‘transmitted” from the previous location.
At this point, Z,, has all the information (C(i — 1),C(i),C(i+ 1), and dir € {L,R}) to determine the i-th
symbol of Cy;,. Thus, there is exactly one transition from location p of the form (p,u,xo = t(u), {x;},p’),
where u = nextg;(C(i—1),C(i),C(i+1)).

3.2 EXxprTIME-hardness of Problem 2

In the case of Problem 2, the set Act of actions is given by
Act = QU(Q x {0, 1) U{L,R}U ({1,1,...,n,7} x (AU(A x Q)))

where foreachi € {1,...,n}, i denotes a fresh copy of i. The meaning of these symbols will be explained
later. The code of a TM configuration C = C(1),...,C(n) is now a word of length 2n given by

code(C) = (1,C(1)),(1,€(1)),...,(1,C(n)), (n,C(n))

We construct a nondeterministic FS B,,; over Act and a synchronization-free NFS Sgr over Act
(whose components are deterministic and with pairwise disjoint alphabets of actions) of sizes polynomial
in the size of the fixed TM M and input o such that M accepts o iff [Ssp]] < B,. Hence, EXPTIME-
hardness of Problem 2 follows.

We note that a synchronization-free NFS of size polynomial in the size of M and o cannot faith-
fully emulate the evolution of M over the input o. In order to cope with this problem, we first define
suitable extensions Ext_ETc, and Ext VTyc,) 1 of the emulation tree ET¢, (Definition 2) and valuation
tree VTy(c,),1 (Definition E[) respectively, in such a way that the result of Lemma @ holds even for these
extensions. Then, we show that we can construct B,,; and Ssr in such a way to ensure that the unwinding
of [Ssr]| from its initial state is the extended emulation tree Ext_ET¢,, and the unwinding of B, from
its initial state is the extended valuation tree Ext_VT,c,) -

Extended emulation trees and Extended valuation trees.

Definition 4. [Extended emulation trees| For each good TM configuration C, an extended emulation tree
of M from C is a (possibly infinite) Act-labeled tree Ext_ETc which extends the emulation tree ETc
(Definition [2)) in such a way that the following conditions are inductively satisfied. There is exactly one
partial path from the root which is labeled by some code in Codes (note that by Definition |2| this path
coincides with the partial path from the root to the main node of level 0 of ET¢). Moreover, each new
edge from the main node of level 0 is labeled by an action in Act \ (QU (Q x {0,1})) and:

e Cisterminal: each new edge from the unique leaf of ETc is labeled by an action in Act \ {L,R}.

e Cis not terminal: each new edge from the choice node x. of level O of ET¢ is labeled by an action
in Act \ {L,R}. Moreover, let x;, and xg be the children of x. in ET¢ (recall that the subtrees rooted
at xg, and xg in ETc correspond t0 ETgcc, () and ETgccp(c), respectively). Then, we require that
the subtrees rooted at x;, and xg in Ext_ET¢ are extended emulation trees of M from succr(C) and
succg(C), respectively.



Note that for a given (good) TM configuration C, there can be many extended emulation trees of M
from C, and the definition above specifies only some properties that must be satisfied by them. We denote
by Ext(ET¢) the nonempty set of extended emulation trees of M from C. An extended code is a word
over Act of the form code - u - dir, where code € Codes, u € QU (Q x {0,1}), and dir € {L,R}. Let us
consider the infinite Act-labeled valuation trees VT, ; of Deﬁnition@ Anode y of VT, is called starting
node iff either y is the root or y is the child of some choice node (note that the subtree rooted at a child
of a choice node corresponds to some valuation tree VT ;y). We extend VT, as follows, where Ty,
denotes the Act-labeled infinite tree obtained as the unwinding of the deterministic FS having a unique
state and for each u € Act, a self-loop labeled by u.

Definition 5. [Extended valuation trees] For all g € Q and b € {0, 1}, the infinite Act-labeled extended
valuation tree Ext VT, is obtained from VT, as follows. For each node y of VT, let yo be the first
ancestor of y which is a starting node (note that yo may bey), and let wy, , be the word over Act labeling
the partial path from yq to y. Note that wy, , has length at most 2n+1 and is the proper prefix of some
extended code. Then, for each u € Act such that the word wy,, - u is not the prefix of any extended code,
we add an edge labeled by u from y to the root of a tree isomorphic to Tyy;.

The following lemma is the variant of LemmaI]for extended emulation trees and extended valuation
trees.

Lemma 3. Fix a good TM configuration C, a state g € Q, and b € {0,1}. Then, for each extended em-
ulation tree Ext_ET¢ € Ext(ETc), the root of Ext_ETc is simulated by the root of the extended valuation
tree Ext VT, , iff ¢ = q(C) and b = Val(ET¢).

Constructions of the FS B, and the synchronization-free NFS Sg.

Lemma 4. One can construct a nondeterministic FS B,y of size polynomial in the sizes of M and o
such that the unwinding of B,q from its initial state is Ext VT c,) 1-

Lemma 5. One can construct a synchronization-free NFS Ssr (whose components are deterministic and
with pairwise disjoint alphabets of actions) of size polynomial in the sizes of M and o such that the
unwinding of [Ssr| from its initial state is in Ext(ETc,).

Below, we prove Lemmataf#and[5] By Remark[l]and Lemmata[3] |4} and[5] it follows that M accepts
o iff [Ssr]] < Bya, where B, is the FS of Lemma]and Sgr is the NFS of Lemma[5] Hence:

Theorem 3. Given a FS A4 and a synchronization-free non-flat system S, checking whether [S]] = 4
is EXPTIME-hard, even if the components of S are assumed to be deterministic and their alphabets are
assumed to be pairwise disjoint.

Proof of Lemma@ We need some additional definition. Let 0 <i < 2n, last; € {L}U({1,1,...,n,a} x
(AU(Ax Q))) (where L is for undefined), and f € {yes,no} such thatlast; = L iff i=0. A (i,last, f)-
word is a proper prefix w), of a code in Codes such that |w,| =i, last is the last symbol of w), if i > 0,
and f = yes iff w, contains some occurrence of a symbol in {1,...,7} x (A x Q). Moreover, for each
u € Act, we consider the predicate Prefix(i,last | ,f,u) which holds iff there exists a (i,last | , f)-word w),
such that w), - u is the prefix of some code in Codes. Note that by definition of Codes, the satisfaction of
Prefix(i,last, ,f,u) is independent on what representative is chosen in the set of (i,last , f)-words, i.e.,
for all (i,last,, f)-words w, and w;,, it holds that w, - u is the prefix of some code in Codes iff wﬁ, -uis
the prefix of some code in Codes.

The FS B,y = (Act, Py, pgal,Aml) satisfying the statement of Lemma is defined as follows. The
set of states is Pyy; = {P futi } U Peod U Prain U Penoice U { p# }, Where:



e From state py,; there are self-loops on all actions from Act. Thus, the unwinding of B,, from

P runl corresponds to T, (see Definition E])

P,oq consists of states of the form p..q = (g,b,i,last, , f), where (¢q,b) € O x {0,1}, 1 <i < 2n,
last, € {L}U({1,1,...,n,i} x (AU (A x Q))), and f € {yes,no}, where last|, = L iff i = 1.
The states in P, are used to generate all the codes in Codes. Intuitively, (g,b) is the currently
processed pair TM state/ boolean value, i is the currently processed position of a code. Moreover,
last, keeps track of the last generated symbol if i > 1, and the flag f is used to keep track whether
a symbol of the form (; u) with u € A x Q has already been generated in the previous i — 1 steps.
From state p.,q, Byar generates all the actions u € Act in such a way that the following holds. If
Prefix(i—1,last | ,f,u) holds (this means that the word w), - u is the prefix of some code in Codes,
where w), is the (i,last |, f)-word generated in the previous i — 1 steps), then C,; generates the
letter u and moves to a state in P,,q of the form (q,b,i+ 1,u, f) if i < n and to the main state (g, b)
(see below) otherwise. If instead Prefix(i — 1,last, ,f) does not hold, then B,,; generates the action
u and moves to the state p ;.

Pouain = Q x {0,1}. States in Py, are associated with the main nodes of Ext VTy(cy) 1 (corre-
sponding to the main nodes of VT c,) 1)-

Pehoice = (Q x {0,1}) x (Q x {0,1}). States in Pjy;ce are associated with the choice nodes of
Ext VTy(c,), (corresponding to the choice nodes of VTyc,) 1)-

e State py is associated with the nodes of Ext VT, 1 corresponding to the leaf nodes of VT c,) 1-

The initial state p° , is (¢(Ca), 1,1, L,n0) and the transition relation A, is defined as follows:

1.
2.

5.

Transitions from py,: for each u € Act, we have the transition p s,y LN P full

Transitions to generate the codes in Codes: from each state (q,b,i,last, , f) € P.oq and for each
u € Act, we have the following transition:
o Prefix(i— 1,last, ,f,u) does not hold: (q,b,i,last, , f) = P full
e Prefix(i—1,lasty,f,u) holds and i < 2n: (q,b,i,last, f) L (q,byi+1,u, f")
where ' =yesifu e {l1,...,n} x (Ax Q), and f' = f otherwise.
o Prefix(i—1,last, ,f,u) holds and i = 2n: (q,b,i,last |, f) < (q,b)

. Transitions from main states (q,b) € Q x {0,1}:

o (¢.b) L ((q1,b1).(g2,b2)) for each ((q1,b1),(q2,b2)) € Choicesgyp.

b
o (g.b) 2 py

o (q,b) = ppay forall u € Act\ (QU(Q x {0,1})).

. Transitions from choice states ((q1,b1),(q2,b2)) € (0 x{0,1}) x (Q x {0,1}):

L
b ((thl)a (anbZ)) - (QI,bh l,J_,HO)

o ((q1,b1),(q2:52)) = (q2,b2,1, L, n0)
e ((q1,b1),(q2,b2)) LN prun for each u € Act \ {L,R}.

Transitions from state py: py — pruit for each u € Act \ {L,R}.

Correctness of construction easily follows.
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Proof of Lemma |5} The synchronization-free NFS Sgr satisfying the statement of Lemma [3]is given
by Ssr = (Celly, . ..,Cell,,Control)sr. Intuitively, Cell; (1 < j < n) keeps track by its finite control of
the j-th symbol of a TM configuration, and it can generate only the actions of the form (j,u) (where
u€AU(A x Q)). Note that the action (j,u) corresponds to the 2nd symbol in the j-th pair (J,u), (j,u)
of the code of some TM configuration. Control is instead used to model the control unit of M, and it
can generate only the actions in Act \ ({1,...,n} x (AU(A x Q))). After having ‘correctly’ generated the
code of a TM configuration C, Cell; is in state C(j) and Control is in a state which keeps track of the
position i of the tape head of C together with the i-th symbol of C. Assume that C is not terminal. In order
to generate for each dir € {L,R}, the j-th pair (j,u),(j,u) (1 < j < n) of the code of the dir-successor
succgir(C) of C, the Sgp-components behave as follows. Assume that j # i and j is not the position of the
tape head in succg;-(C) (the other cases are similar). Since Control keeps track of the pair (i,C(i)) and the
current position j, it can check (by using the transition function & of the TM M) whether this condition
is satisfied or not. Note that in this case, the j-th symbol of succy;(C) coincides with the j-th symbol of
C.ie. u=C(j), and, additionally u € A. Then, Control guesses a pair (j,u’) with &’ € A and generates
it. Component Cell;, which is in state C(j), will be able to generate in the next step the matching pair
(j,u) iff ' = C(j). In this way, the Sgr-components ensure that for each choice dir € {L,R}, exactly
one code in Codes will be generated, and this code is precisely the encoding of succy;,(C). The crucial
point is that even if other words of length 2n will be generated (due to all the possible interleaving of the
individual and asynchronous computational steps of the single components), exactly one of these words
of length 2n will be a code in Codes. The Ssp-components are formally defined below.

Cellj = ({j} x (AU(Ax Q)),{p)} UAU(A x Q),pY,A;), where A; is defined as:

o (:Cali))

L. p; —— Cal(J)

2. aﬂaandam(a,q)forallaEAanquQ

3. (a,q) Ma’ foralla,a’ € Aand g € Q
The first transition is used to generate the 2nd symbol of the j-th pair of the code of the initial TM
configuration Cy. Transitions of type 2 (resp., 3) are used to generate the 2nd symbol of the j-th pair of
the code of the next TM configuration when the tape head is at position i # j (resp., i = j). Note that the
source state of transitions of type 2—3 represents the j-th symbol of the current TM configuration.

Control = (Act\ ({1,...,n} x (AU(Ax Q))),P,1,A) is defined as follows. The set of states is given by
P= {pfin} U Piyir U Pconf U Poain U Penoice, Where:

® pyin 1 a state with no outgoing transitions.
e Py, ={1,...,n}. States in P,,; are used to generate the code of Cy, and 1 is the initial state.

e Py consists of states of the form peonr = (j,(i,a,q),a,,dir), where 1 < j,i<n,a €A, q¢€
0\ {qace:qrej}, a1 € AU{L} (L is for undefined), and dir € {L,R}. Intuitively, i is the position
of the tape head for the current non-terminal TM configuration C and (a,q) = C(i). Let 8(¢,a) =
((gr,ar,8L), (qr,ar,0r)). Then, from state p.o,r, Control guesses and generates an action of the
form (; u) with the constraint that u = ay;, if j =i, u = (d’, qq;y) for some a’ € A if j =i+ 6y4;,, and
ucAif j¢ {i,i+04,} (note that ag;, is the i-th symbol of succ;(C) and i + 64, is the position of
the tape head in succy;,(C)). If the guess is correct (i.e., u is the j-th symbol of succg;(C)), then
Cellj is able to generate the matching action (j,u) in the next step. In this case, a is the content
of the succyir(C)-cell pointed by the tape head if the position of this cell is smaller than j, and
a, = L otherwise.
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® Pain consists of states of the form pyu.i, = (main, (i,a,q)), where 1 <i<n,a €A, and g € Q.
Intuitively, i represents the position of the tape head for the new generated TM configuration C and
(a,q) = C(i). From state p,,4in, Control moves to the choice state (choice, (i,a,q)) (see below) by
generating the action g if ¢ ¢ {qacc,qrej}, and to the state py;, by generating the action (g, Val(q))
otherwise.

® Ppice consists of states of the form (choice, (i,a,q)), where (i,a,q) has the same meaning as
above. From these states, Control generates the two actions L and R.

The transition relation A of Control is defined as follows.
1. Initialization (transitions to generate the code of Cy):

(1,Ca(1)) (11,Ca(n))
e _— (

o | 2

main, (1,0,(0),40))

2. Transitions to generate the next TM configuration: from each state (j, (i,a,q),a, ,dir) € Pony With
d(q,a) ={(qr,ar,0L), (qr,ar,0r)) and 1 <i+04, <n,and foreachd’ € A such thata’ = ay;, if j =i,
we have the following transitions:

g ey

o j£i+04, j<n (j(i,a,q),ay,dir) M (j+1,(Gi,a,9),a,,dir)
o jF#i+04, j=na; #L:(n,(ia,q), L,dzr)"—a)>(main,(i+edir,amq[lir))

~, 7qd1r

o j=i+04,j<n: (j,(i,a,q), aL,dlr) (j+1,(i,a,q),d,dir)

i .]: i+edir =n: (I’l, (iaavq)val_adir) iﬂ)) (main, (n7a/7‘Idir))

3. Transitions from main states (main, (i,a,q)) € Ppain:

o ¢ ¢ {qacc,qrej}: (main,(i,a,q)) 4, (choice, (i,a,q))
. . Val
o 4 € {quecdrej}: (main. (i,a,q)) L1

4. Transitions from choice states (choice, (i,a,q)) € Penoice:
e (choice,(i,a,q)) L (1,(i,a,q),L,L) and (choice, (i,a,q)) & (1,(i,a,q), L,R)

Now, we prove that the construction is correct. Let C be a non-terminal good TM configuration and
dir € {L,R}. The starting (C,dir)-state is the state of Sgr in which component Cell; is in state C(j)
and Control is in the state (1,(i,a,q),L,dir) € P.ns, where i is the position of the tape head in C and
(a,q) = C(i). Moreover, for each dir € {L,R}, the starting (_L,dir)-state is the initial state of Sgr. By
construction, the following result easily follows.

Lemma 6. Fix a starting (C, ,dir)-state pyqp, and let C =Cq if C; = L, and C = succg;r(C ) otherwise.
Then, there is a unique path T of Ssr starting from pga labeled by a code € Codes. Moreover, code =
code(C) and there is exactly one transition p 5 p' from the last state p of T labeled by an action
ue€ QU(Qx{0,1}). Furthermore, the action u and state p' satisfies the following:

e C is terminal: u= (q(C),Val(q(C))) and there is no transition outgoing from p' labeled by an
action in {L,R}.

e Cis not terminal: u= q(C) and there are exactly two transitions from state p' labeled by actions in
{L,R}. Moreover, one, labeled by L, leads to the starting (C,L)-state, and the other one, labeled
by R, leads to the starting (C,R)-state.
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By Definition 4] and Lemma|6] we obtain the desired result.
Corollary 1 (Correctness). The unwinding of Ssr from its initial state is in Ext(ETc,).

Note that the components of Ssr are deterministic and with pairwise disjoint alphabets of actions.
Moreover, the size of Ssr is polynomial in the sizes of the TM M and input .. Thus, by the above
corollary, Lemma [5] follows.

4 Additional hardness results

We can show that the deterministic versions of Problems 1 and 2 are PSPACE-hard by polynomial-time
reductions from the word problem for linearly-bounded deterministic Turing Machines. The proposed
constructions can be seen as a simplification of those illustrated in the previous section.

Theorem 4. The deterministic versions of Problems 1 and 2 are PSPACE-hard, and for Problems 2,
PSPACE-hardness holds even if the components of the synchronization-free non-flat system are assumed
to be deterministic and with pairwise disjoint alphabets.

The rest of this section is devoted to the proof of the following theorem.

Theorem 5. For any relation < on LTS lying between trace containment and bisimulation equivalence,
checking whether [ S]] < A for a given synchronous NFS S and a FS 4 is PSPACE-hard even if A and the
S-components are assumed to be deterministic.

Proof of Theorem By a polynomial-time reduction from the acceptance problem for non-halting
linearly-bounded deterministic Turing Machines (TM). Fix such a TM machine M = (A, Q, 0,9, {Gacc })»
where A, O, 40, qacc (With go # qacc) are as for alternating Turing Machines, and §: Q x A — (Q X A x
{+1,—1}) is the transition function, where +1 (resp., —1) denotes a right (resp., left) tape head move.
Fix an input o0 € A* and let n = |at|. Since M is linearly bounded, we can assume that a TM configuration
(of M over o) is a word C = By, (a,q),Br € A*- (A x Q) -A* of length exactly n. M accepts o iff the
unique (infinite) computation of M over o visits an accepting configuration. W.1.0.g. we assume that the
alphabet A contains a special symbol, say #, such that if the computation of M over o visits an accepting
configuration Cy., then C, is #-homogeneous, i.e. the content of each cell of C,. is the special symbol #.

Preliminary step: encoding of acceptance. Let Act = ({1,...,n} x (AU (A x Q))) U {b}, where
b is a special action. For each TM configuration C, code(C) is the word over Act \ {b} given by
(1,€(1)),...,(n,C(n)). Let Codes be the finite set of these codes and T¢,q4.s be the deterministic tree
encoding of Codes (as defined in Section [3)).

Definition 6 (Valuation tree). The valuation tree T,y is the infinite Act \ {b}-labeled tree obtained as the
limit of the sequence of finite trees (Té‘ od es) reN, where: Tgo des = ICodes and Té‘jdle ; results from rooting a
fresh copy of Tcodes at each leaf of Té‘

odes*

Note that 7, is a deterministic and all its maximal paths from the root are infinite and labeled by
concatenations of codes of TM configurations. The special path of T, is the unique maximal path from
the root whose sequence of labels code(Cy) - code(C5) ... is such that Cy,Cy,Cy, . .. is the computation of
M over q.

Definition 7 (Emulation tree). The deterministic Act-labeled emulation tree T,,, is defined as follows.
Let T be the special path of T,y and let code(Cy) - code(C,) . .. be its sequence of labels. For eachi > 1
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such that C; is an accepting #-homogeneous configuration, let x; N yi be the edge along T associated
with the last symbol of code(C;). Then, T,y is obtained from T,y by adding for each of these edges
x; =% yi (if any), a new edge labeled by the special action b from y; to a new leaf node.

Fact: if M does nor accept a,, then T,,, = T,;. Otherwise, Tr(Top) € Tr(Tyu)-

Final step. Theorem [5directly follows from the fact above and the following two Lemmata. The proof
of Lemma[7]is trivial and we omit it.

Lemma 7. One can construct a deterministic FS D,,; over Act of size polynomial in the sizes of M and
o such that the unwinding of D, from its initial state is T,;.

Lemma 8. One can construct a synchronous NFS S, over Act (whose components are deterministic)
of size polynomial in the sizes of M and o such that the unwinding of [[Sem]) from its initial state is T,p,.

Sketched proof. Sen is a synchronous composition of n+ 1 components Celly,...,Cell,, and Control.
Intuitively, Cell; (1 < j < n) keeps track by its finite control of the j-th symbol of a TM configuration,
and its alphabet is {b} U ({j} X (AU (A x Q))). Control is instead used to model the control unit of M,
and its alphabet is Act (hence, Control participates in each transition of S,,,). After having ‘correctly’
generated a TM configuration C (this, intuitively, means that S, is emulating the computation of M
over o, i.e., the computational path from the initial state to the current state of .S, corresponds to a prefix
of the special path of 7,4;), Sem 18 in a starting good state sg004 such that component Cell; is in state C (j)
and Control is in a good local state which keeps track of the position k of the tape head of C together with
the k-th symbol of C EI From state s4004, Sem generates in n steps by ‘computational nondeterminism’ all
the possible codes in Codes as follows. At the j-th step, Control guesses an action of the form (j,u)
and generates it by binary synchronization with Cell;. Note that since Cell; is in state C(j) and Control
keeps track of k and C(k), either Cell; or Control is able to detect whether for the communication action
(j,u), u is not the j-th symbol of the successor succ(C) of C. If it is the case, and Cell; (resp., Control)
has detected it, then Cell; (resp., Control) will move to the local bad state bad (resp., to a local bad
state ppqq,j associated with the step j' = (j+ 1) mod n). From state bad, Cell; remaining in bad may
generate all the actions of its alphabet except b. From the bad state pp,q y, Control can generate only
the actions of the form (j’,u) and move to a local bad state associated with the step (' + 1) mod n. If
instead for the generated action (j,u), u is the j-th symbol of succ(C), then Control will move to a
good local state associated with the step j/ = (j+ 1) mod n and Cell; will move to the good local state
[succ(C)](j). Thus, after having generated the code of succ(C), S, will be in the starting good state
Sgooa @ssociated with succ(C). From si,,,, Sem can generate the special action b (by synchronization
among all its componentsﬂ iff succ(C) is an accepting #-homogeneous configuration. If the action b is
generated, then the target state has no outgoing transition. O

5 Conclusions

As future research, there is an interesting question left open: the exact complexity of bisimulation check-
ing between a flat system and a non-flat system. Our contribution (Theorem [5) shows that the prob-
lem is PSPACE-hard even for synchronous composition without hiding. Note that the problem is in
EXPTIME. We believe that filling this gap is a very difficult question. Simple settings are however
tractable: Muscholl and Walukiewicz [[13]] have recently shown that bisimulation checking can be solved

2Initially, S, is in the starting good state associated with the initial TM configuration
3note that b is in the alphabet of each component
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in NLOGSPACE when there is no synchronization and both the flat system and the non-flat system com-
ponents are deterministic. It would be interesting to investigate the nondeterministic framework.
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